PHYSICAL REVIEW B 83, 214301 (2011)

Multiple-scattering calculations for layered phononic structures of nonspherical particles
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We present an extension of the layer-multiple-scattering method to phononic crystals of nonspherical particles
in a homogeneous host medium by employing the extended-boundary-condition technique for the description
of the individual scatterers. The efficiency of the method is demonstrated on specific examples of two- and
three-dimensional periodic assemblies of spheroidal polymer particles in water and in silicon. We report a
thorough analysis of the acoustic properties of these composites and emphasize aspects of the underlying physics
that relate to the nonspherical shape of the particles.
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I. INTRODUCTION

In composite materials with periodic modulation in their
elastic properties, so-called phononic crystals, the propagation
of acoustic waves can be distinctly different from wave
propagation in their isotropic bulk constituents, leading to
intriguing phenomena and exciting applications.1 One of
the most interesting properties of phononic crystals is the
existence of frequency band gaps when the sound wavelengths
commensurate the structure periodicity. Audible sound is
modified by meter-sized structures,2 while submicron lattices
are active for hypersound (GHz frequencies).3
The layer-multiple-scattering (LMS) method is a very
powerful computational methodology for studying threedimensional (3D) phononic crystals consisting of nonoverlapping spherical particles (scatterers) in a homogeneous host
medium4–6 and applies to any material type combination
(fluid or solid). An analogous method for two-dimensional
(2D) phononic crystals of infinite cylinders has also been
reported.7 An important aspect of the method is that, contrary
to traditional band-structure8–11 or time-domain12–14 methods,
it solves the wave equation of elasticity in frequency domain
and thus one can allow the elastic coefficients of any of the
constituent materials to depend on the frequency, including
also absorptive losses.15–18 Besides the complex phononic
band structure of an infinite crystal, associated with a given
crystallographic plane, the LMS method can also provide
the transmission, reflection, and absorption coefficients of an
elastic wave of any polarization incident at a given angle
on a finite slab of the crystal and, therefore, it can describe
an actual transmission experiment. A further advantage of
the method is that it does not require periodicity in the
direction perpendicular to the layers, which must only have
the same 2D periodicity. Therefore, a number of interesting
configurations, such as planar defects,19 heterostructures,6
stacking disorder,20 phononic crystal slabs on homogeneous
plates, and semi-infinite substrates,21,22 can be treated in a more
or less straightforward manner. Finally, the LMS method can
incorporate multiple-scattering Green’s-function techniques23
that allow one to calculate the (local) density of states of the
elastic field, as well as to treat defects, disorder, and the system
response to an external perturbation in general.
1098-0121/2011/83(21)/214301(14)

The LMS method has been proven very efficient for
phononic crystals of spherical particles.15–22,24–28 With the
same efficiency, it can treat, also, coated spheres29–32 and generally spherical particles consisting of an arbitrary number of
concentric spherical shells by a powerful recursive algorithm.6
On the other hand, nonspherical building units offer more
freedom for engineering the elastic field eigenmodes and,
nowadays, such structures can be fabricated also at the
nanoscale using modern nanofabrication techniques.33–38 In
these cases, other computational methodologies, such as
the plane-wave-expansion method8,14,39 or finite-difference
techniques,40–42 are applicable. However, these methods do
not easily allow the gain of physical insight while in many
situations they are computationally cumbersome. In addition
to physical clarity and computational efficiency, the generalized LMS method retains all the advantages listed in the
previous paragraph versus more traditional methods, such
as the plane-wave-expansion and the finite-difference-timedomain methods. Therefore, extension of the LMS method
to scatterers of arbitrary shape would offer an efficient and
versatile alternative to treat a variety of complex phononic
structures. Such an extension does not involve major difficulties, since the scattering properties of the individual particles
enter only through the corresponding T matrix, which can
be efficiently evaluated by the extended-boundary-condition
(EBC) technique43–45 for particles of arbitrary shape, at least
for not-too-large deviations from the spherical shape, such
as spheroids, capped cylinders, etc.46–48 Recently, Ivansson
incorporated successfully Boström’s EBC algorithm45 into
the LMS method to calculate the reflectance of a monolayer
of nonspherical voids in a rubber material and discussed the
convergence and the efficiency of the implementation.49,50
In this paper, we report a generalization of the full LMS
methodology to phononic structures of nonspherical particles
in a homogeneous host medium, for material combinations of
any type, fluid or solid, including also the limiting cases of
the void and the perfectly rigid body. We employ the EBC
technique for the evaluation of the T matrix of the individual
scatterers43,45 properly adapted to our fomalism. In this respect,
we note that a corresponding extended LMS method for
photonic crystals is already available,51 and the ability to
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treat on equal footing the electromagnetic and the elastic
fields by the same methodological approach in appropriately
designed structures, so-called phoxonic crystals,39,52 offers
unique advantages. This is an additional motivation for the
present work. The remainder of the paper is organized
as follows. Section II summarizes the basic concepts and
formulas of elastodynamics of a homogeneous medium. In
Sec. III we present the EBC formalism adapted to our LMS
method and report in the appendix equations specific for the
evaluation of the scattering T matrix for a fluid, solid, perfectly
rigid, and void scatterer in a fluid or solid matrix. Applications
on a spheroidal polymer particle in a fluid and a solid
environment are discussed in comparison to a corresponding
spherical particle. Section IV is devoted to the description
of elastic wave scattering from finite slabs of periodically
arranged nonspherical particles, including the analysis of
the elastodynamic response of a 2D periodic assembly of
spheroidal polymer particles in a fluid and a solid environment
by means of relevant transmission spectra and density of states
diagrams. Section V deals with the complex phononic band
structure of corresponding infinite crystals. We discuss the
physical origin of the elastic field eigenmodes in conjunction
with corresponding transmission spectra of finite slabs of these
crystals, in the specific examples under consideration, with the
help of group theory and provide a consistent interpretation of
the underlying physics. The main results of the article are
summarized in the last section.

The most general solution of Eq. (4) consists of two kinds
of elastic waves that propagate independently: (a) longitudinal
(irrotational) waves, which satisfy the equations

 2
(5)
∇ + ql2 u(r) = 0, ∇ × u = 0,
√
where ql = ω/cl , cl = (λ + 2μ)/ρ being the speed of
propagation of this wave; and (b) transverse (divergenceless)
waves, which satisfy the equations

 2
(6)
∇ + qt2 u(r) = 0, ∇ · u = 0,
√
where qt = ω/ct , ct = μ/ρ being the speed of propagation
of this wave.
One can define a complete set of plane-wave solutions of
Eqs. (5) and (6) as follows:
uqp (r) = u0 êp (qν ) exp(iqν r),

where ν = l (t) for longitudinal (transverse) waves, u0 is the
magnitude and êp (qν ) is the polarization unit vector of the
elastic field. The subscript p takes the values p = 1,2,3; p = 1
is the radial unit vector along ql and applies to longitudinal
waves, and p = 2 and p = 3 are the polar and azimuthal unit
vectors, respectively, which are perpendicular to qt and refer
to transverse waves.
Alternatively, one can define a complete set of sphericalwave solutions of Eq. (5) and (6). Irrotational vector wave
functions, given by23
1
∇[j (ql r)Y m (r̂)],
ql
1
H0 m (r) = ∇[h+ (ql r)Y m (r̂)],
ql
J0 m (r) =

II. ELASTIC WAVES IN A HOMOGENEOUS MEDIUM

The displacement vector field, U(r,t), in a homogeneous
elastic medium characterized by constant mass density ρ and
Lamé coefficients λ, μ, satisfies the equation of motion53



ρ∂t2 Ui (r,t) =
∂i  λδii 
∂i  Ui  (r,t)
i 

i



+ μ[∂i  Ui (r,t) + ∂i Ui  (r,t)] ,

(1)

i 

σii  (r) = λδii 



∂i  ui  (r) + μ[∂i  ui (r) + ∂i ui  (r)]

(3)

i

is the stress tensor. Since, as can be seen from Eq. (3), σii  (r) =
σi  i (r), Eq. (2) can be written in the more compact form,
∇ · σ (r) + ρω2 u(r) = 0,

(4)

with the ith component of the
 vector ∇ · σ (r) defined in the
usual manner: [∇ · σ (r)]i = i  ∂i  σi  i (r). On the other hand,
the surface traction, t(r), on a surface S, with a normal unit
vector n̂, is given by t(r) = n̂ · σ (r).

(8)

where j and h+ are the spherical Bessel and Hankel functions,
respectively, and Y m (r̂) are the usual spherical harmonics
with r̂ denoting the angular variables (θ,φ) of r in a system
of spherical coordinates, satisfy Eq. (5). Correspondingly,
solenoidal vector wave functions, given by23
J1 m (r) = j (qt r)X m (r̂), H1 m (r) = h+ (qt r)X m (r̂),

where ∂i denotes partial derivative with respect to the ith
component of the position vector r and ∂t denotes partial
derivative with respect to time. For a harmonic elastic wave
of angular frequency ω, U(r,t) = Re[u(r) exp(−iωt)], Eq. (1)
reduces to the time-independent form,

∂i  σii  (r) + ρω2 ui (r) = 0,
(2)
where

(7)

(9)

and
i
∇ × J1 m (r),
qt
i
H2 m (r) = ∇ × H1 m (r),
qt
J2 m (r) =

(10)

are appropriate solutions of Eq. (6). The so-called vector
spherical harmonics
√ X m (r̂), which appear in Eqs. (9) and (10),
are defined by
( + 1)X m (r̂) = −ir̂ × ∇Y m (r̂). Explicit
expressions for the vector spherical harmonics are given
elsewhere.6
At a given frequency, the most general form of displacement
field can be written as a linear combination of the regular, JL (r),
and the irregular at the origin (r = 0), HL (r), vector spherical
waves, that is,

aL0 JL (r) + aL+ HL (r) ,
(11)
u(r) =
L

where L denotes collectively the indices P m. P = 0,1,2
is the polarization of the spherical wave and should not be
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confused with p, which denotes the polarization of a plane
wave. For example, a longitudinal plane wave of wave vector
ql , defined by Eq. (7), is finite everywhere. Therefore, it can
be expanded into irrotational regular spherical waves, J0 m (r),
with coefficients
a00 m

=

u0 A00 m (q̂l )

· ê1 (ql ),

(12)

where A00 m (q̂l ) = 4π i +1 (−1)m+1 Y −m (q̂l )ê1 (ql ). Similarly, a
transverse plane wave of wave vector qt can be expanded into
solenoidal regular spherical waves, J1 m (r) and J2 m (r), with
coefficients
aP0

m

= u0 A0P

m (q̂t )

· êp (qt ), P = 1,2,

(13)

where A01 m (q̂t ) = 4π i (−1)m+1 X −m (q̂t ) and A02 m (q̂t ) =
4π i (−1)m+1 X −m (q̂t ) × ê1 (qt ).
Equation (4) can be cast into the form of an eigenvalue
problem,
(r)u(r) = ω2 u(r),
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triadic, (r,r ), in a manner similar to Eq. (3), as follows:

ii  i  (r,r ) = λδii 
∂i  Gi  i  (r,r )
i 

+μ[∂i  Gii  (r,r ) + ∂i Gi  i  (r,r )].

It is straightforward to show that the Green’s stress triadic
is symmetric, that is, ii  i  (r,r ) = i  ii  (r,r ), and G(r,r ) is
related to (r,r ) through the equation
1
(r)G(r,r ) = − ∇ · (r,r ).
ρ

=−

∇ · [σ (r) · G(r,r ) − u(r) · (r,r )] = −ρu(r)δ(r − r ).
(20)
Furthermore, from Eq. (18), with the help of Eq. (17), it is
straightforward to show that

(14)


1
∂i2 + ∂i  ∂i
λ∂i ∂i  + μ δii 
ρ

i

,

n̂ · (r,r ) = λn̂∇ · G(r,r )
+ 2μ(n̂ · ∇)G(r,r ) + μn̂ × [∇ × G(r,r )]
ω
{t[JL (r)]HL (r )(r  − r)
= −i
3
c
ν
L

(15)

which operates on the Hilbert space of square integrable vector
functions. The associated retarded Green’s dyadic, G(r,r ), is
defined by

[ω2 δi  i − i  i (r)]Gii  (r,r ) = δi  i  δ(r − r ),
(16)

+ t[HL (r)]JL (r )(r − r  )},

where ω ≡ lim
(ω + i) , and can be expressed into
vector spherical waves as follows:23
ω
Gii  (r,r ) = −i
[ J L;i (r)HL;i  (r)(r  − r)
3
c
ν
L

t[FL (r)] = λn̂∇ · FL (r) + 2μ(n̂ · ∇)FL (r)
+ μn̂[∇ × FL (r)].

(17)

where ν = l if P = 0 and ν = t if P = 1,2. (x) is the
Heaviside step function and FP m (r) = (−1)P +m FP −m (r),
with FP m denoting JP m or HP m . It is worth noting that
Gii  (r,r ) = Gi  i (r ,r). We further define the Green’s stress



(22)

2

→0+

+ H L;i (r)JL;i  (r)(r − r  )],

1
ρ

(21)

with the surface traction associated with a vector spherical
wave FL (r) given by45

i
2

(19)

Using Eqs. (4), (16), and (19), it can be shown that54

of the tensor differential operator (r), defined by
ii  (r)

(18)

dS{t+ (r) · G(r,r )−u+ (r) · [n̂ · (r,r )]}−

1
ρ

S



III. SINGLE-PARTICLE SCATTERING

We assume a nonspherical, in general, scatterer made of
a homogeneous material with mass density ρs and Lamé
coefficients λs , μs . The scatterer is embedded in an infinite
homogeneous medium characterized by elastic parameters ρ,
λ, μ, and occupies a volume Vs , with a boundary surface S
defined by a normal unit vector n̂ pointing outward. Integrating
Eq. (20) outside the volume Vs and applying Green’s theorem
we obtain

dS{t1 (r) · G(r,r )−u1 (r) · [n̂1 · (r,r )]} =

 
u(r ) if r outside Vs ,
0
if r inside Vs ,

(23)

S∞

where u+ (r) and t+ (r) are the limiting values of the displacement field and the surface traction, respectively, on the surface
S, taken from outside. Similarly, the displacement field, u1 (r),
and the surface traction, t1 (r), are calculated on a surface S∞
surrounding the particle at an infinite distance, defined by

1
−
ρs



the normal unit vector n̂1 pointing outward. In Eq. (23) we
made use of the symmetric form of , which implies that
u(r) · [n̂ · (r,r )] = n̂ · [u(r) · (r,r )].
On the other hand, integrating Eq. (20) inside the volume
Vs , and applying Green’s theorem we obtain

 
u(r ) if r inside Vs ,
dS{t− (r) · G (r,r ) − u− (r) · [n̂ ·  (r,r )]} =
0
if r outside Vs ,
s



s

S
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where u− (r) and t− (r) are the limiting values of the displacement field and the surface traction, respectively, on the surface
S, taken from inside, and the index s denotes the medium of
the scatterer. From Eq. (24) it is straightforward to show that
the interior surface fields satisfy the integral equation


 s

s
dS u− (r) · t JL (r) − t− (r) · JL (r) = 0.
(25)
S

We next consider a plane wave, u0 (r), incident on the
scatterer. This triggers a scattered field, usc (r). In general, the
incident and scattered fields, which constitute the total field
outside the scatterer, can be expanded into vector spherical
waves as follows4 :


u0 (r) =
aL0 JL (r), usc (r) =
aL+ HL (r).
(26)
L

L

Since the scattered field vanishes at infinity, only the incident
field enters into the integral over the surface S∞ in Eq. (23).
On the other hand, since in the absence of the scatterer the first
integral on the left-hand side of Eq. (23) vanishes, the integral
over S∞ equals the incident field at r , u0 (r ). Therefore,
inserting Eqs. (17) and (21) into Eq. (23) we obtain
 qν 

u0 (r ) = i
dS{t+ (r) · HL (r)
ρcν2
L
S

− u+ (r) · t[HL (r)]}JL (r )

(27)

for r inside the sphere inscribed into Vs and
 qν 
usc (r ) = −i
dS{t+ (r) · JL (r)
ρcν2
L

spherical-wave basis defined by Eqs. (8), (9), and (10) satisfies
the symmetry relation23,54
TP

m;P   m

= TP 

 m ;P

m

=

cν3
TP
cν3

m;P   m .

(33)

This relation can be used to check the numerical convergence
of the T matrix and also to further improve the accuracy
of its nondiagonal elements. Moreover, for axis-symmetric
particles, Q0(+) are diagonal in m and we only need to
calculate their elements for m > 0 because Q0(+)
P −m;P   −m =

(−1)P +P Q0(+)
.
Explicit
derivations
of
the
Q0(+) matrix
P m;P   m
elements for all different material-type combinations of the
host and the scatterer can be found in the appendix. We note
that, although the spherical-wave expansions of the elastic field
are infinite series, it turns out that, if the size of the particle
is not much larger than the wavelength, a limited number of
partial waves, truncated at max , is sufficient for the description
of the scattered field and of the T matrix. However, in order to
accurately solve Eq. (32), we must keep matrix elements up to
an angular momentum cutoff value cut  max . The fact that
cut significantly increases as the shape of the particle deviates
from the sphere means that, in order to accurately evaluate the
elements of the T matrix of given dimensions, a large number
of Q-matrix elements are needed. Obviously, for spherical
particles cut = max .
With the help of the T matrix, defined above, one can
calculate directly the change in the number of states up to
a frequency ω between the system under consideration (a
single scatterer in a host medium) and that of the host medium
extending over all space as follows23 :

S

− u+ (r) · t[JL (r)]}HL (r )

N(ω) =

(28)



for r outside the sphere circumscribing Vs , where ν = l
if P = 0 and ν = t if P = 1,2. Comparing Eqs. (26) with
Eqs. (27) and (28) we identify the following expressions for
the coefficients of the incident and the scattered waves,

−iqν
aL0 =
dS{u+ (r) · t[HL (r)] − t+ (r) · HL (r)}, (29)
ρcν2
S
iqν
+
aL = 2 dS{u+ (r) · t[JL (r)] − t+ (r) · JL (r)}, (30)
ρcν
S

respectively.
The coefficients aL0 and aL+ are related to each other through
the so-called scattering T matrix, as follows:

TLL aL0  .
(31)
aL+ =
L

As shown in the Appendix, the T matrix can be obtained, in
general, by the solution of a linear system of equations of the
form
Q0
T = −Q+ ,

(32)

where 
T is the transposed T matrix and Q , Q are appropriate
matrices that depend on the specific boundary conditions at
the surface of the scatterer. Equation (32) is the basic equation
of the EBC method for elastic wave scattering by a particle
of arbitrary shape.43–45 We note that the T matrix in our
0

+

1
Im ln det[I + T],
π

(34)

where I is the unit matrix. Of more interest is the difference
in the density of states induced by the scatterer, given by
n(ω) = dN (ω)/dω. On the other hand, the scattering cross
section is given by

  |a + |2
ql |a1+ m |2 + |a2+ m |2
0 m
−2
(35)
+
σsc;l = |u0 |
qt
qt 2
ql2
m
or
σsc;t = |u0 |

−2


  qt |a + |2
|a1+ m |2 + |a2+ m |2
0 m
+
ql ql 2
qt 2
m

(36)

for a longitudinal or a transverse incident wave, respectively,
where aP+ m are related with the corresponding expansion
coefficients aP0 m of the incident field, given by Eqs. (12)
and (13), through the T matrix according to Eq. (31). It is
worth noting that, unlike the case of spherical particles, the
cross section depends on the polarization and the direction of
propagation of the incident wave. An incident transverse plane
wave is termed p polarized if the associated displacement
vector oscillates in the plane defined by the propagation
direction and the particle axis; it is termed s polarized
if the displacement vector oscillates normal to this plane.
Obviously, for a spherical particle the polarization of an
incident transverse wave is irrelevant.
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A single spherical particle in vacuum exhibits so-called
spheroidal and torsional vibrational eigenmodes, of coupled longitudinal-transverse (P = 0,2) and purely transverse
(P = 1) character, respectively. These eigenmodes are denoted
by a pair of indices (i, ), defining the th multipole mode of
the ith radial order,55 in analogy to the atomic orbitals. When
the particle is embedded in a host material, an eigenmode
is coupled with the acoustic field in the host and energy is
leaking out of the sphere and is radiated away. As a result, the
eigenmode acquires a finite lifetime and becomes a resonant
mode. This mode is (2 + 1)-fold degenerate and manifests
itself as a peak in the scattering cross section and the density
of states. This means that there is a (2 + 1)-fold degenerate
eigenvalue of the T matrix that has a pole in the lower
complex-frequency plane at ωi − iγi near the real frequency
line (0 < γi  ωi ), where ωi is the eigenfrequency and γi the
inverse lifetime of the corresponding mode. The change in the
density of states in the vicinity of such a mode takes the form
of a Lorentzian,56
n(ω) ≈

γi
2 +1
,
π (ω − ωi )2 + γi2

(37)

occupying an area equal to 2 + 1, centered at ωi with a
half width at half maximum equal to γi . In the case of
nonspherical particles, there is no clear characterization of
multipole modes, since the T matrix is no longer diagonal in
angular momentum because of the lack of spherical symmetry,
and the eigenmodes can be rigorously classified according to
the irreducible representations of the point symmetry group of
the particle.57 The degeneracy of these modes is equal to the
area occupied by the corresponding Lorentzian contribution
to the density of states. In what follows we consider oblate
spheroidal poly(methyl metacrylate) (PMMA) particles with
major axis A and minor axis (axis of revolution) B, with an
aspect ratio A:B = 4:3, in comparison with spherical PMMA
particles of equal volume. Therefore, if S is the radius of the
spherical particle, the spheroidal particle has A = 2.20S and
B = 1.65S. The point symmetry group of a spheroidal particle
is D∞h (cylindrical symmetry).57,58
In Fig. 1 we display the change in the density of states and
the corresponding scattering cross section for the given PMMA
particle (ρs = 1190 Kg/m3 , cls = 2800 m/s, cts = 1400 m/s)
embedded in water (ρ = 1000 Kg/m3 , cl = 1480 m/s, ct = 0),
in the frequency region about the fundamental (quadrupole)
spheroidal eigenmode. We note that, in this case, since only
longitudinal waves can subsist in the fluid host medium, only
the spheroidal modes of the particle can be excited. Using
max = 5, cut = 7, and a Gaussian quadrature with seven
points for the evaluation of the relevant integrals [Eqs. (A30),
(A33), and (A34)] is sufficient to obtain excellent convergence
with a relative error less than 10−4 . The fivefold degeneracy of
the quadrupole mode of the sphere is removed in the case of the
spheroid, giving rise to three Lorentzian contributions to the
density of states. Indeed, as shown by broken lines in the top
panel of Fig. 1, a Lorentzian fit yields three broad peaks: one
at ωS/cl = 1.741 associated with a twofold degenerate mode
of E2g symmetry (m = ±2)57,58 and a lifetime γ −1 cl /S ∼
= 8,
one at ωS/cl = 1.845 with the same lifetime (γ −1 cl /S ∼
= 8)
associated with a nondegenerate mode of A1g symmetry
(m = 0), and one twofold degenerate mode at ωS/cl = 1.921
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FIG. 1. The change in the density of states of the acoustic field
induced by the oblate spheroid PMMA particle under consideration
in water (top panel) and the corresponding scattering cross section for
incidence at an angle θ = 45◦ with respect to the particle axis (bottom
panel). The broken lines show the symmetry deconvolution of n.
The thin lines in both diagrams show the results for the corresponding
equal-volume sphere of radius S.

of E1g symmetry (m = ±1) with a lifetime γ −1 cl /S ∼
= 7.
In addition, there is a sharp peak at ωS/cl = 1.904 with a
very long lifetime (γ −1 cl /S ∼
= 270). This corresponds to a
twofold degenerate mode of E2u symmetry (m = ±2), which
originates from a higher-frequency octapole ( = 3) mode of
the sphere. Group theory implies that a (longitudinal) plane
wave incident at an angle with respect to the axis of revolution
of the spheroid can excite nondegenerate modes of A1g and
A2u symmetry as well as all doubly degenerate modes, that
is, all modes which appear in the frequency region under
consideration. However, the modes of short lifetime appear
merged into a broad peak in the scattering cross section, as
shown in the lower diagram of Fig. 1, and cannot be easily
resolved.
We next examine the fundamental modes of the same
oblate spheroid PMMA particle embedded in silicon
(ρ = 2331 Kg/m3 , cl = 8431 m/s, ct = 5844 m/s). Using
max = 3, cut = 5 and a Gaussian quadrature with five points
for the evaluation of the relevant integrals [Eq. (A19)]
is sufficient to obtain excellent convergence. In this case,
both longitudinal and transverse waves can subsist in the
surrounding medium, and all particle modes (spheroidal and
torsional) can be excited. A PMMA spherical particle of
radius S in silicon exhibits two fundamental dipole modes:
a spheroidal one, at ωS/cl = 0.693, and a torsional one,
at ωS/cl = 0.738, as shown by the thin line in the top
panel of Fig. 2. The threefold degeneracy of these modes
is removed in the case of the spheroid, giving rise to four
Lorentzian contributions to the density of states, shown by
broken lines in the top panel of Fig. 2. More specifically,
the lower-frequency mode splits into a twofold degenerate
mode of E1u symmetry (m = ±1) at ωS/cl = 0.674 with
a lifetime γ −1 cl /S ∼
= 72 and a nondegenerate mode of
A2u symmetry (m = 0) at ωS/cl = 0.754 with a lifetime
γ −1 cl /S ∼
= 55. Correspondingly, the higher-frequency mode
splits into a nondegenerate mode of A2g symmetry (m = 0) at
ωS/cl = 0.719 with a lifetime γ −1 cl /S ∼
= 501 and a twofold
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ê1 being the radial unit vector along the direction of Ksg l ;
and for ν  = t, only the polar (p = 2) and azimuthal (p = 3)
components of the displacement vector are different from
zero, ê2 and ê3 being the polar and azimuthal unit vectors,

respectively, which are, of course, perpendicular to Ksg t .
According to Eqs. (12) and (13) the coefficients aL0 in the
regular spherical waves expansion (26) of the incident plane


wave (38) are aL0 = A0L;p (Ksg ν  )[uin ]sg p .
Because of the 2D periodicity of the plane of particles, for
an incident wave given by Eq. (38) the scattered wave has the
form


usc (r) =
exp(ik · Rn )
bL+ HL (rn ),
(39)
L

Rn

FIG. 2. The change in the density of states of the elastic field
induced by the oblate spheroid PMMA particle under consideration in
silicon (top panel) and the corresponding scattering cross section for a
longitudinal (thick black solid line) and a transverse s-polarized (thick
gray solid line) wave incident at an angle θ = 45◦ with respect to the
particle axis (bottom panel). The broken lines show the symmetry
deconvolution of n. The thin lines in both diagrams show the results
for the corresponding equal-volume sphere of radius S.

degenerate mode of E1g symmetry (m = ±1) at ωS/cl =
0.771 with a lifetime γ −1 cl /S ∼
= 442. A transverse s-polarized
plane wave incident at an angle with respect to the axis of
revolution of the spheroid excites the modes of E1u , A2g , and
E1g symmetry, as we can see in the bottom panel of Fig. 2
(thick black solid line). It cannot excite the A2u mode for
symmetry reasons. On the contrary, a longitudinal plane wave
incident at an angle with respect to the axis of revolution of
the spheroid excites the modes of E1u and A2u symmetry as
can be seen in the lower diagram of Fig. 2 (thick gray solid
line). According to group theory, such an incident wave should
also excite the E1g mode. However, the coupling of the given
external field with this mode is so weak that no excitation
is practically observed in the corresponding scattering cross
section.
IV. PHONONIC CRYSTAL SLABS

We consider a layer of nonoverlapping particles, at z = 0,
centered at the sites Rn of a 2D lattice. Let a plane wave,
described by Eq. (7), be incident on this layer. Because of the
2D periodicity, we write the component of the wave vector
of the incident wave parallel to the layer, q , as q = k + g ,
where k , the reduced wave vector in the surface Brillouin
zone (SBZ), is a conserved quantity in the scattering process
and g is a reciprocal vector of the given lattice. Therefore,
the wave vector of the incident wave has the form K±
g ν  =
k + g ± [qν2 − (k + g )2 ]1/2 êz , where êz is the unit vector
along the z axis and the + or − sign refers to incidence from
the left (z < 0) or from the right (z > 0). This implies the
following form for the corresponding displacement vector:
 
   

uin (r) = [uin ]sg p exp iKsg ν  · r êp Ksg ν  ,
(38)
where s  = + or −. For ν  = l, only the radial (p = 1)
component of the displacement vector is different from zero,

where rn = r − Rn . Writing the coefficients bL+ , which depend
linearly on the amplitude of the incident wave, in the form
+
+
s
s
0
bL+ = BL;p
 (Kg ν  )[uin ]g p , we obtain BL in terms of AL by
6
solving the following system of linear equations :


δLL −

L

=





  
TLL L L BL+ ;p Ksg ν 

L

  
TLL A0L ;p Ksg ν  , ∀ L.

(40)

L

Explicit expressions for the propagator matrix elements LL
are given in Ref. 6. We note that, for particles of cylindrical
symmetry, the elements of both the  and the T matrices,
P m;P   m and TP m;P   m , respectively, vanish identically, unless P + + m + P  +  + m is an even number. Therefore,
in this case the linear system described by Eq. (40) can be
reduced into two independent subsystems, as for spherical
particles,6 thus increasing the computational efficiency.
With the help of B+
L one can define the scattering S matrix
of the plane of scatterers, which transforms the incident into
the outgoing wave field in the spg basis, in exactly the same
manner as for a plane of spherical particles [it is the M matrix
defined in Eq. (4.24) of Ref. 4]. The scattering S matrix
of a multilayer slab is obtained by combining appropriate
transmission and reflection matrices of the component layers
in the usual manner,22 and this procedure is also independent
on the shape of the scatterers. The ratio of the transmitted
or reflected energy flux to the energy flux associated with
the incident wave defines the transmittance, T , or reflectance,
R, of the slab, respectively.22 If absorption is present, it can
be calculated from the requirement of energy conservation:
A = 1 − T − R.
The S matrix can provide, directly, the k -resolved change
in the number of states, up to a frequency ω, induced by the
slab22,23
1
Im ln det S,
(41)
N (ω,k ) =
2π
which defines the corresponding change in the density of states
∂
n(ω,k ) = ∂ω
N (ω,k ). The S matrix is a unitary matrix
because of flux conservation while the causality condition
implies that its eigenvalues are analytic functions in the upper
complex-frequency half plane. However, as in the case of the
T matrix, these eigenvalues may have poles in the lower half
plane at ωi − iγi , γi > 0, corresponding to zeros at ωi + iγi ,
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which are associated with resonant modes. The contribution
of a simple pole to the k -resolved density of states has the
form of a Lorentzian resonance,22
n(ω,k ) ≈

γi
1
,
π (ω − ωi )2 + γi2

(42)

analogous to Eq. (37). The resonant modes of a phononic
crystal slab manifest themselves as Fano-like resonance
structures also in the corresponding transmission spectrum,
which takes the form22
T  cos2 (±δ1 ± δ2 · · · − φ),

(43)

with sin[δi (ω)] = γi /[(ω − ωi )2 + γi2 ]1/2 and cos[δi (ω)] =
(ωi − ω)/[(ω − ωi )2 + γi2 ]1/2 . The sign + or − in δi and the
adjustable phase parameter φ can be determined by fitting the
actual transmission spectrum to Eq. (43).
Assembling particles on a 2D lattice, we expect that their
resonant modes will form relatively narrow bands about the
corresponding eigenfrequencies of the single particle. At the
symmetry points and along the symmetry lines of the SBZ,
these bands can be classified in terms of the irreducible
representations of the point group of the corresponding wave
vector. For example, for a square lattice and k = (0,0)
( point), the modes have the symmetry of the irreducible
representations of the D4h group: X1 , X2 , X3 , X4 , X5 , X1 ,
X2 , X3 , X4 , X5 .58 The states of X5 and X5 symmetry are
doubly degenerate while the rest are nondegenerate. According
to a group-theory analysis,57,58 the nondegenerate modes of
A1g , A2g , A1u , and A2u symmetry of a spheroidal particle
give at the  point nondegenerate modes of X1 , X4 , X1 , and
X4 symmetry, respectively. Similarly, the doubly degenerate
E1g and E1u modes give doubly degenerate modes of X5 and
X5 symmetry, respectively, while a E2g or a E2u mode splits
into two nondegenerate modes (X2 and X3 or X2 and X3 ,
respectively).
Let us consider a square array, with lattice constant a, of
oblate spheroidal PMMA particles (A = 0.88a, B = 0.66a)
in water. In Fig. 3 we depict the change in the density of
states of the system with respect to water, for k = (0,0),
and the corresponding transmittance, in the frequency region
about the fundamental quadrupole mode of a PMMA sphere of
equal volume (S = 0.4a). In this case, excellent convergence
is obtained by truncating the spherical-wave expansions at
max = 8 and cut = 8 and using a Gaussian quadrature with
eight points for the relevant integrals (see Sec. III), while in the
plane-wave expansions only the g = (0,0) reciprocal lattice
vector that defines a propagating wave should be taken into
account. The symmetry of a longitudinal plane acoustic wave
propagating in the water host, normal to the plane of particles
[q = (0,0)], is compatible with the X1 and X4 symmetries,
so only modes of the plane of particles of these symmetries
can be excited by an externally incident wave. The modes
of different symmetry are inactive and decay exponentially
to zero away from the plane of particles on either side of it.
The inactive modes (eigenmodes) show up as δ functions and
the active ones as Lorentzian resonances in the corresponding
density of states. As can be seen in the top panel of Fig. 3, the
modes of the single particle give, for k = (0,0), eigenmodes at
ωa/cl = 3.959 (X2 ), 4.712(X3 ), 4.786(X2 ), 4.877(X3 ), and

FIG. 3. (Top) The change in the k -resolved density of states of
water due to the presence of a square array, with lattice constant a,
of PMMA oblate spheroidal particles (A = 0.88a, B = 0.66a) for
k = (0,0). The thin line shows the corresponding results for equalvolume spheres of radius S = 0.4a. (Bottom) The transmittance of
an acoustic (longitudinal) wave incident normally on the plane of
spheroidal particles.

5.038(X5 ) and a X1 resonant mode at ω1 a/cl = 4.281 with a
lifetime γ −1 cl /a ∼
= 2. In the bottom panel of Fig. 3 we display
the corresponding transmission spectrum. It is characterized by
a resonance structure and is very well described by the function
T = cos2 (δ1 − φ) with φ = 30o 12 , according to Eq. (43).
For k = (kx ,0), the appropriate point group is C2v , which
has four one-dimensional irreducible representations: Z1 , Z2 ,
Z3 , Z4 .58 Only Z1 and Z4 are compatible with a longitudinal
elastic plane wave incident on the plane of particles with the
given k . Figure 4 shows the modes of the plane of particles
for k = (0.2π/a,0). They manifest themselves as Lorentzian
peaks of area equal to unity in the density of states and as Fanolike resonance structures in the corresponding transmission
spectrum, which is very well reproduced by Eq. (43) using
a single fitting parameter φ. The X2 and X3 eigenmodes for
k = (0,0) become resonant Z1 and Z4 modes at ωa/cl =
3.980 and 4.703 with very long lifetimes (γ −1 cl /a ∼
= 1212
and 760, respectively). The X1 resonant mode acquires the Z1
symmetry and is slightly shifted at ωa/cl = 4.306. Because
of its very short lifetime (γ −1 cl /a ∼
= 2) it is hardly discernible
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FIG. 5. (Top) The change in the k -resolved density of states
of a silicon matrix due to the presence of a square array, with
lattice constant a, of PMMA oblate spheroidal particles (A = 0.88a,
B = 0.66a) for k = (0,0). The broken lines show the symmetry
deconvolution of n. The thin line shows the corresponding results
for equal-volume spheres. (Bottom) The transmittance of a longitudinal (black solid line) and a transverse (gray solid line) elastic wave
incident normally on the given plane of spheroidal particles.

in the scale of the figure. The X2 and X3 eigenmodes remain
true eigenmodes with infinite lifetime at ωa/cl = 4.786(Z2 )
and 4.828(Z3 ), respectively. Finally, the X5 eigenmode splits
into a Z4 resonant mode at ωa/cl = 4.979 with a lifetime
γ −1 cl /a ∼
= 30 and a Z2 eigenmode at ωa/cl = 5.046.
We next consider the given square array of PMMA oblate
spheroidal particles embedded in silicon. Figure 5 depicts
the change in the density of states of the system with
respect to silicon, for k = (0,0), and the corresponding
transmission spectrum, in the frequency region about the
fundamental dipole modes of the PMMA particles. In this
case, excellent convergence is attained by truncating the
spherical-wave expansions at max = 8 and cut = 8 and using
a Gaussian quadrature with 10 points for the relevant integrals
(see Sec. III), while in the plane-wave expansions only the
g = (0,0) reciprocal lattice vector defines a propagating wave
and should be taken into account. We should remember that
a longitudinal plane acoustic wave propagating in the host
region normal to the given layer has a symmetry compatible
with X1 and X4 . Similarly, the symmetry of a corresponding
transverse wave is compatible with X5 and X5 . Therefore,
only the X4 mode at ωa/cl = 1.804 is an eigenmode of the
layer with infinite lifetime and shows up as a δ function in the
density of states (top panel of Fig. 5). The X4 resonant mode
at ωa/cl = 1.940 with a lifetime γ −1 cl /a ∼
= 27 can be excited
by a longitudinal wave (see the black solid line in the bottom
panel of Fig. 5). Correspondingly, the X5 resonant mode at
ωa/cl = 1.737 with γ −1 cl /a ∼
= 12 and the X5 resonant mode
at ωa/cl = 1.938 with γ −1 cl /a ∼
= 118 manifest themselves
as Fano-like resonance structures in the transmittance of a
transverse wave (see gray solid line in the bottom panel of
Fig. 5).
For k = (0.2π/a,0) (see Fig. 6), the symmetry of the slab
modes is lower (C2v point group). In this case, the X5 resonant
mode splits into a Z3 resonant mode at ωa/cl = 1.733 with
γ −1 cl /a ∼
= 14 and a Z1 resonant mode at ωa/cl = 1.740 with

FIG. 6. The same as in Fig. 5 for k = (0.2π/a,0). The transmittance of the transverse wave is for s polarization.

γ −1 cl /a ∼
= 12. The X4 eigenmode becomes a resonant Z3
mode at ωa/cl = 1.803 with γ −1 cl /a ∼
= 893. The X4 resonant
mode is practically unshifted and acquires the Z4 symmetry
with γ −1 cl /a ∼
= 25. Finally, the X5 resonant mode splits into a
Z4 resonant mode at ωa/cl = 1.935 with γ −1 cl /a ∼
= 122 and
a Z2 resonant mode at ωa/cl = 1.938 with γ −1 cl /a ∼
= 116.
The Z2 and Z3 modes manifest themselves as Fano-like
resonance structures in the transmission spectrum of an spolarized transverse elastic wave, while the Z1 and Z4 modes
can be probed by an incident longitudinal (or p-polarized
transverse, not shown here) elastic wave, in agreement with
group theoretical arguments.
V. PHONONIC CRYSTALS

Within the LMS method, an (infinite) phononic crystal is
viewed as a sequence of identical slabs parallel to a given
crystallographic plane, which is taken to be the x-y plane,
extending over all space from z = −∞ to z = +∞. The unit
slab may consist of any number of layers, provided they have
the same 2D periodicity. Applying the Bloch condition for
the wave field in the host region between two consecutive
unit slabs leads to an eigenvalue equation, which gives the
z component of the Bloch wave vector, kz , for given ω and
k , in exactly the same manner as for a crystal of spherical
particles.6
As a first example, we consider a simple cubic (sc) crystal,
with lattice constant a, of PMMA oblate spheroidal particles,
with A = 0.88a and B = 0.66a, in water and view the crystal
as a sequence of (001) planes of particles, as those described
in Sec. IV. In this case we need 21 reciprocal lattice vectors to
accurately describe multiple scattering between the layers. In
the left panel of Fig. 7 we show the phononic band structure
of this crystal along its [001] direction, that is, for k = (0,0).
The symmetry of the bands along this direction is that of the
C4v group: 1 , 2 , 1 , 2 , 5 .58 The 1 , 2 , 1 , 2 bands
are nondegenerate and 5 is doubly degenerate. We note that
the (001) surface of the given crystal is a plane of mirror
symmetry and, therefore, the frequency bands appear in pairs:
kz (ω,k ) and −kz (ω,k ). For this reason, in Fig. 7, we show
the bands only for positive kz . At low frequencies we obtain
a linear effective-medium acoustic band of 1 symmetry,
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FIG. 7. (Left) The phononic band structure of an infinite sc
crystal, with lattice constant a, of PMMA oblate spheroidal particles,
with A = 0.88a and B = 0.66a, in water, along its [001] direction.
Over the frequency gap, we show by broken lines the complex bands
with the smallest-in-magnitude imaginary part of kz of the appropriate
(1 ) symmetry. The imaginary part is shown in the shaded region.
(Right) Transmittance at normal incidence of a slab of eight (001)
planes of the above crystal.

FIG. 8. (Left panels) The phononic band structure of an infinite sc
crystal, with lattice constant a, of PMMA oblate spheroidal particles,
with A = 0.88a and B = 0.66a, in silicon, along its [001] direction,
for the 1 (top) and 5 (bottom) modes. Over the frequency gaps,
we show by broken lines the corresponding complex bands with the
smallest in magnitude imaginary part of kz . The imaginary part is
shown in the shaded region. (Right panels) Transmittance of a slab
of eight (001) planes of the above crystal at normal incidence for
longitudinal (top) and transverse (bottom) incident waves.

which is folded into the first Brillouin zone and a Bragg gap
opens up about ωa/cl = 3.2. At higher frequencies, this band
crosses narrow bands that originate from the resonant modes of
the individual PMMA spheroids weakly interacting between
them. The 1 resonance band, which is formed from the A1g
particle modes, hybridizes strongly with the extended band and
a sizable frequency gap opens up about ωa/cl = 4.2. The other
narrow bands, of 2 (about ωa/cl = 4.0 and 4.7), 2 (about
ωa/cl = 4.8 and 4.9), and 5 (about ωa/cl = 5.0) symmetry,
arise from an apparently weak interaction between eigenmodes
that are confined within the individual layers (inactive modes).
These bands cannot couple to a compressional incident wave
and are termed deaf bands. Within the frequency regions where
there are no active bands of 1 symmetry, we show the complex 1 bands with the smallest-in-magnitude imaginary part
of kz , which determines the attenuation of a wave incident on
the crystal with k = (0,0) over these regions. This is demonstrated in the right panel of Fig. 7, where we depict the transmittance for a wave incident normally on a slab consisting of NL =
8 (001) planes of the given crystal. Within frequency regions
where 1 bands exist, we have strong transmission. Otherwise,
the transmission is vanishingly small. Interestingly, in the gap
region, the transmission is related also to the real part of the 1
complex band extending from ωa/cl = 4.16 to ωa/cl = 5.31.
The observed sharp dips in the transmittance are associated
with resonances of the slab that appear at frequencies along the
real-frequency line corresponding to Re[kz ]a/π = κ/(NL +
1), with κ = 1,2, . . . ,NL , where NL = 8 is the number of
planes in the slab, as shown by the open circles in the left
panel of Fig. 7. This implies that the number of resonance dips
over the gap region increases with the thickness NL of the slab.
We next discuss the phononic band structure along the
[001] direction of a sc crystal, with lattice constant a, of
PMMA oblate spheroidal particles, with A = 0.88a and
B = 0.66a, in silicon. We employ 21 reciprocal lattice vectors
to accurately describe multiple scattering between the layers.
In this case there are both longitudinal and transverse waves

traveling in the crystal, which can be treated separately. In
the upper diagram of Fig. 8 we present the (longitudinal)
modes of 1 symmetry. We obtain an extended acoustic band
which interacts strongly with the 1 resonance band that
originates from the A2u modes of the individual spheroids and
a hybridization gap opens up at ωa/cl = 1.90. In the lower
diagram of Fig. 8 we depict the (transverse) modes of 5
symmetry. The extended acoustic band is folded within the
first Brillouin zone and a Bragg gap opens up at ωa/cl = 1.38.
Furthermore, hybridization gaps are formed by the interaction
of this extended band with the 5 flat bands originating from
the E1u and E1g modes of the individual particles. These
hybridization gaps superimpose with the Bragg gap and, as a
result, we obtain two flat bands of localized modes within a
large gap. Such a behavior is not observed in the case of the
corresponding spherical particles. In the gap regions, when
the appropriate complex band with the smallest-in-magnitude
imaginary part of kz has Re[kz ] = 0,π/a, the transmittance
exhibits sharp dips at corresponding frequencies shown by
the open circles in the bottom left panel of Fig. 8, as discussed
in relation to Fig. 7. Finally, we note that there is also a
nondegenerate flat band of 1 symmetry about ωa/cl = 1.80,
originating from the X4 modes of the individual (001) layers of
particles, weakly interacting between them. This is an inactive
(deaf) band, which cannot be excited by a longitudinal or a
transverse wave and is not shown in the diagrams of Fig. 7.
VI. CONCLUSIONS

In summary, we presented an extension of the LMS method
for phononic crystals consisting of nonspherical particles in
a homogeneous host medium using the EBC approach to
describe the individual particles and showed that the method
retains its efficiency and accuracy, at least in cases where the
shape of the particles does not deviate strongly from the sphere.
The applicability of the method is demonstrated on specific

214301-9

G. GANTZOUNIS, N. PAPANIKOLAOU, AND N. STEFANOU

examples of 2D and 3D periodic assemblies of spheroidal
polymer particles in a fluid and a solid environment. The
symmetry of the modes of the elastic field in the different
cases is analyzed in terms of group theory, yielding a consistent
interpretation of the results. A detailed analysis of transmission
spectra of such finite phononic crystal slabs by reference to
corresponding complex-band-structure and density-of-states
diagrams corroborates that nonspherical particles provide an
additional degree of freedom for tailoring the modes of the
elastic field. There are many applications expected from the
effect of distortion of spherical scatterers, an example being
single-mode acoustic waveguides based on weakly coupled
defects in a phononic band gap crystal. The high degeneracy
of the modes of a single spherical defect would imply a
large number of bands in the same frequency region within
the gap for a chain of such defects. By deforming the
spherical shape, a single band could split off, thus ensuring
single-mode operation in a given range of frequencies. Such
applications have already been reported for coupled-cavity
optical waveguides.59 Moreover, nonspherical particles are
versatile building units for designing functional phononic
structures for polarization-selective applications as well as
novel acousto-optic devices.60
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APPENDIX

In this appendix we derive explicit expressions for the
evaluation of the Q0(+) matrices that lead to the calculation of
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the scattering T matrix according to Eq. (32). Though similar
formulas can be found in the literature, we thought it necessary
to include this appendix in order to provide the equations in
a compact form, compatible to our formalism, for material
combinations of any type, fluid or solid, including also the
limiting cases of the void and the perfectly rigid body. We
consider scatterers that remain invariant under any rotation
around the z axis (axis-symmetric scatterers). Therefore, the
surface points are given by r = r(θ )r̂ and a corresponding
normal vector, which must be parallel to (∂r/∂θ ) × (∂r/∂φ),
is defined as
n ≡ r̂ −

r  (θ )
θ̂ ,
r(θ )

(A1)

and has a length

n=



r  (θ )
1+
r(θ )

2
(A2)

.

Thus, the surface normal unit vector is n̂ = n/n and the area
element becomes dS = nr 2 sin θ dθ dφ.
For the calculation of aL0 and aL+ , on the basis of Eqs. (29)
and (30), one needs to evaluate scalar products of vector
spherical waves and associated surface tractions at the surface
of the scatterer. Since the vector spherical waves, FL (r,θ,φ), at
the surface points of an axis-symmetric scatterer [r = r(θ )r̂]
depend on the azimuthal angle φ through the factor exp(imφ),
as can be seen from their explicit expressions, the φ integration
in Eqs. (29) and (30) can be carried out analytically. For this
purpose, we write FL (r,θ,φ) = [FL;1 (r,θ )r̂ + FL;2 (r,θ )θ̂ −
iFL;3 (r,θ )φ̂] exp(imφ),
which
implies
FL (r,θ,φ) =
[FL;1 (r,θ )r̂ + FL;2 (r,θ )θ̂ + iFL;3 (r,θ )φ̂] exp(−imφ).
Therefore, the scalar product of two vector spherical
(2)
waves, F(1)
L (r,θ,φ) and FL (r,θ,φ), has the form

(2)

(1)
(2)

F(1)
L (r,θ,φ) · FL (r,θ,φ) = FL (r,θ ) · FL (r,θ ) exp[i(m − m )φ],

where

F0 m (r,θ ) = f  (xl )Y m (θ )r̂ +
F1 m (r,θ ) =
F2 m (r,θ ) =

f (xl ) 
[Y m (θ )θ̂ + χ m (θ )φ̂], for
xl

f (xt )
[χ m (θ )θ̂ + Y m (θ )φ̂], for
ψ

(A3)
 0,

(A4)

 1,

(A5)


−1  2
ψ f (xt )Y m (θ )r̂ + [xt f  (xt ) + f (xt )][Y m (θ )θ̂ + χ m (θ )φ̂] , for
ψ xt

with f denoting j or h+ , ψ =

√

 1,

( + 1), Y m (θ ) ≡ Y m (θ,φ = 0), xν = qν r, and

dY m (θ )
= α m Y m+1 (θ ) − α −m Y m−1 (θ ),
dθ
χ m (θ ) ≡ ψ X m;θ (θ,φ = 0) = α −m cos θ Y m−1 (θ ) − m sin θ Y m (θ ) + α m cos θ Y
Y m (θ ) ≡

χ  m (θ ) ≡

(A6)

(A7)
m+1 (θ ),

dχ m (θ )
= α −m cos θ Y m−1 (θ ) − m sin θ Y m (θ ) + α m cos θ Y m+1 (θ ) − α −m sin θ Y
dθ
− m cos θ Y m (θ ) − α m sin θ Y m+1 (θ ),

where α m = 12 [( − m)( + m + 1)]1/2 .
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Correspondingly, the surface traction associated with FL or FL has also the form t[FL (r,θ,φ)] = [tFL;1 (r,θ )r̂ + tFL;2 (r,θ )θ̂ −
itFL;3 (r,θ )φ̂] exp(imφ) or t[FL (r,θ,φ)] = [tFL;1 (r,θ )r̂ + tFL;2 (r,θ )θ̂ + itFL;3 (r,θ )φ̂] exp(−imφ), respectively. Therefore,
 (2)
(1)

(A10)
F(1)
L (r,θ,φ) · t FL (r,θ,φ) = FL (r,θ ) · tF(2) L (r,θ ) exp[i(m − m )φ],
and

where


(2)
(2)

t F(1)
L (r,θ,φ) · FL (r,θ,φ) = tF(1) L (r,θ ) · FL (r,θ ) exp[i(m − m )φ],

(A11)


 2


nr
ct
2 ct2  2
ψ − xl2 f (xl ) − 2xl f  (xl )
t
(r,θ ) = 2 2 − 1 xl f (xl )Y m (θ )n +
2 F0 m
2
x
ρcl
cl
l cl

 r  (θ )
{[xl f  (xl ) − f (xl )]Y m (θ )r̂
× Y m (θ )r̂ + [xl f  (xl ) − f (xl )] Y m (θ )θ̂ + χ m (θ )φ̂ −
r(θ )




+ [xl f (xl )Y m (θ ) + f (xl )Y m (θ )]θ̂ + f (xl )χ m (θ )φ̂} ,


r  (θ )




xt f (xt )[χ m (θ )θ̂ + Y m (θ )φ̂] −
f (xt )[−χ m (θ )r̂ + χ m (θ )θ̂ + Y m (θ )φ̂]
r(θ )


 



r (θ )
r  (θ )
1


2
[xt f (xt ) + f (xt )] χ m (θ )
f (xt )ψ Y m (θ )φ̂ ,
r̂ + θ̂ + Y m (θ )φ̂ +
−
ψ
r(θ )
r(θ )

(A12)

nr
2
tF1 m (r,θ ) =
ψ
ρct2

(A13)




nr
2
ψ 2 [xt f  (xt ) − f (xt )]Y m (θ )r̂ + ψ 2 − xt2 − 1 f (xt ) − xt f  (xt ) [Y m (θ )θ̂ + χ m (θ )φ̂]
t
(r,θ ) = −
2 F2 m
ψ xt
ρct




r  (θ )  2
ψ − 1 f (xt ) − xt f  (xt ) Y m (θ )r̂ + f (xt ) ψ 2 Y m (θ ) + Y m (θ ) + xt f  (xt )Y m (θ ) θ̂
−
r(θ )


 



xt f (xt )
r (θ )



Y m (θ )
+ {[xt f (xt ) + f (xt )]χ m (θ )φ̂} −
(A14)
r̂ + θ̂ + χ m (θ )φ̂ .
ψ
r(θ )
A. Scatterer in host material of the same type

If the scatterer is of the same type (fluid or solid) as the host material, both the displacement field and the surface traction are
continuous at the surface:
u+ (r) = u− (r),
t+ (r) = t− (r).

(A15)

On the other hand, the interior surface fields can be expanded into regular spherical waves as follows43 :

αL JsL (r),
u− (r) =

(A16)



t− (r) =

L


αL t JsL (r) .

(A17)

L

Therefore, substituting into Eqs. (29) and (30), we can express the coefficients of the incident and scattered fields in terms of
those of the interior surface fields, as follows:


aL0 = −i
αL Q0L L , aL+ = i
αL Q+
(A18)
L L ,
L



with
Q0P   m ;P m

= 2π δmm

π

dθ sin θ xν
0

L

nr  s
J 
ρcν2 P

m

(r,θ ) · tHP

m (r,θ )

− tJs P 

m

(r,θ ) · HP

m (r,θ )


,

(A19)

0
and Q+
L L given by the same expressions as QL L with J in the place of H. With the help of Eqs. (A18), Eq. (31) leads directly
to Eq. (32).

B. Fluid scatterer in solid host material

In the case of a fluid scatterer (μs = 0) in a solid host material, the field inside the scatterer cannot sustain shear waves. Thus,
only the normal component of the displacement field is continuous at the surface S and the appropriate boundary conditions are
n̂ · u+ (r) = n̂ · u− (r), n̂ · t+ (r) = n̂ · t− (r),
214301-11
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The interior surface fields can be expanded into regular irrotational spherical waves43 :

α0  m J0  m (r),
u− (r) =
 m

t− (r) =



α0

 m


t Js0

 m

(A21)

(r) .

(A22)

 m

The remaining tangential exterior surface fields can be expanded into regular divergenceless spherical waves as follows43 :
 
αP   m n̂ × JP   m (r) × n̂.
(A23)
n̂ × u+ (r) × n̂ =
P  =1,2

 m

Applying these boundary conditions to Eqs. (29) and (30) and using the identity u+ (r) = [n̂ · u+ (r)]n̂ + n̂ × u+ (r) × n̂ we
can express the expansion coefficients of the incident and scattered fields through Eqs. (A18), with
 π

nr 
0

dθ sin θ xν 2 n̂ · Js0  m (r,θ )n̂ · tHP m (r,θ ) − n̂ · tJs 0  m (r,θ )n̂ · HP m (r,θ ) ,
(A24)
Q0  m ;P m = 2π δmm
ρc
0
ν

Q0P 

 m ;P

m

= 2π δmm

π

dθ sin θ xν
0

nr
{JP 
ρcν2

m

(r,θ ) · tHP

m (r,θ )

− n̂ · JP 

m

(r,θ )n̂ · tHP

m (r,θ )},

for

P  = 0,

(A25)

0
and Q+
L L given by the same expressions as QL L with J in the place of H.

C. Solid scatterer in fluid host material

In the case of a solid scatterer in a fluid host material (μ = 0) the external fields cannot sustain shear waves and the exterior
surface tractions are always normal to the surface. Thus, only the normal component of the displacement field is continuous at
the surface S and the appropriate boundary conditions are
n̂ · u+ (r) = n̂ · u− (r), n̂ · t+ (r) = n̂ · t− (r),

n̂ × t− (r) = 0.

(A26)

The interior surface fields can be expanded into regular spherical waves45 :

γL JL (r),
u− (r) =

(A27)


L


γL t JsL (r) .

t− (r) =

(A28)

L

In the host medium, where only longitudinal waves exist, the exterior surface traction is normal to the surface of the scatterer.
Therefore, applying the first of Eqs. (A26) to Eq. (23) we find that


a 0m = −i
γP   m PP0   m ; m , a +m = i
γP   m PP+  m ; m ,
(A29)
P   m

with


PP0 

 m ;

m

= 2π δmm

π

dθ sin θ xl
0

P   m

nr 
n̂ · JsP 
ρcl2

m

(r,θ )n̂ · tH0 m (r,θ ) − n̂ · tJs P 

m

(r,θ )n̂ · H0 m (r,θ )



(A30)

and PP+  m ; m given by the same expressions as PP0   m ; m with J in the place of H. Of course, now, P0 and P+ are not square
matrices and thus cannot lead to the determination of the T matrix analogously to Eq. (32). This can be achieved by exploiting,
also, the third of the boundary conditions (A26). We expand the normal component of the exterior surface displacement field
into irrotational regular spherical waves

α  m n̂ · J0  m (r).
(A31)
n̂ · u+ (r) =
 m

From the first of Eqs. (A26) we have u− (r) = n̂n̂ · u+ (r) + n̂ × u− (r) × n̂. Furthermore, using the relevant expansions for the
exterior and interior surface fields in Eq. (25), we obtain


α  m C  m ;P m +
γP   m RP   m ;P m = 0,
(A32)
 m

where

P   m


C

 m ;P

m

= 2π δmm

π

dθ sin θ
0

nr 2
n̂ · J0
2
ρs csν

214301-12

m

(r,θ )n̂ · tJs P

m (r,θ )

(A33)

MULTIPLE-SCATTERING CALCULATIONS FOR LAYERED . . .

and
RP 


 m ;P

m = 2π δmm

π

dθ sin θ
0

nr 2  s
JP 
2
ρs csν

m

(r,θ ) · tJs P
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m (r,θ )− n̂

· JsP 

m

(r,θ )n̂ · tJs P

m (r,θ )− n̂

· tJs P 

m

(r,θ )n̂ · JsP

m (r,θ )


.

(A34)
Equations (A30), (A32), (A33), and (A34), properly combined, lead to Eqs. (A18), with Q0(+) = −CR−1 P0(+) , from which we
obtain Eq. (32).

D. The rigid body

The rigid scatterer is regarded as the limiting case of a very hard obstacle (ρs → ∞, λs → ∞, μs → ∞, csl = 0, cst = 0). In
this case we assume that the field vanishes identically at the surface of the scatterer, that is,
u+ (r) = 0.

(A35)
43

The unknown surface traction can be expanded into regular spherical waves as follows :
 −ρω2
αL JL (r).
t+ (r) =
qν
L

(A36)

Then, applying the boundary condition to Eqs. (29) and (30), we can express the expansion coefficients of the incident and the
scattered fields through Eqs. (A18), with

cν3 π
0
QP   m ;P m = 2π δmm 3
dθ sin θ nxν2 JP   m (r,θ ) · HP m (r,θ )
(A37)
cν 0
0
and Q+
L L given by the same expressions as QL L with J in the place of H.

E. The void

The void is regarded as the limiting case of a very soft scatterer (ρs → 0, λs → 0, μs → 0, csl = 0, cst = 0). In this case we
assume the scatterer to have a stress-free surface, that is,
t+ (r) = 0.

(A38)
43

The still-unknown surface displacement field is expanded into regular spherical waves,

u+ (r) =
αL JL (r),

(A39)

L

and, applying the boundary condition to Eqs. (29) and (30), we find Eqs. (A18), with
 π
nr
Q0P   m ;P m = 2π δmm
dθ sin θ xν JP   m (r,θ ) · 2 tHP
ρcν
0

m (r,θ )

(A40)

0
and Q+
L L given by the same expressions as QL L with J in the place of H.
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