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a b s t r a c t
We report on the effective optical response of single- and multilayer periodic structures of metallodielectric
nanosandwiches on the basis of rigorous, full-electrodynamic calculations by the extended layer-multiplescattering method. It is shown that the complex photonic band structure and the reﬂection coefﬁcient of the
inﬁnite and semi-inﬁnite crystal, respectively, provide reliable bulk effective parameters, which can be used
as a reference in order to resolve ambiguities and problems in the determination of these parameters for
ﬁnite slabs by the S-matrix retrieval procedure. Our results show that the structures under consideration
exhibit strong artiﬁcial optical magnetism and thin ﬁlms consisting of a few layers already behave like the
bulk metamaterial.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
Among the various plasmonic structures, metal–dielectric-metal
nanosandwiches, made of a pair of in-tandem metallic nanodisks
separated by a dielectric spacer, have attracted considerable interest
in recent years because of their unique optical properties [1–7].
Particle plasmons of the two metallic disks interact with each other,
giving rise to two hybridized plasmonic modes; the one at higher
frequency is symmetric and corresponds to a net electric dipole
moment, while the lower one is antisymmetric and corresponds to a
magnetic dipole moment [3]. It has been demonstrated that in a
periodic array of such composite particles the antisymmetric mode
can lead to the occurrence of artiﬁcial magnetism at near infrared and
visible frequencies [7], which renders these structures promising
candidates for single- or double-negative metamaterials [8]. Unlike
metamaterials based on metallic nanorods [9], split-ring resonators
[10], metallic nanowires [11] or cut-wire pairs [12], which operate at a
speciﬁc polarization mode of the electromagnetic (EM) ﬁeld, metal–
dielectric-metal nanosandwiches, because of their cylindrical symmetry, offer the possibility for designing polarization-insensitive
metamaterials. Moreover, it has been shown that the spectral region
where the above-mentioned hybridized plasmonic modes appear can
be easily tuned by modifying either the lattice constant(s) of the
structure [6,7] or the thickness of the dielectric spacer [1].

The problem of assigning effective EM parameters to a heterogeneous medium has recently emerged as an important issue in relation
to optical metamaterials and various homogenization methods have
been proposed [13–18]. One of the most commonly used methods is
the so-called S-matrix retrieval procedure [13,14,19], which imposes
the scattered wave from a planar slab of the heterogeneous medium
in the far-ﬁeld zone, i.e. the complex transmission and reﬂection
coefﬁcients (S-matrix elements), to be the same with that scattered
from a slab of a hypothetical homogeneous material. However, this
technique often leads to nonphysical material parameters as a result
of forcing a homogeneous material to reproduce exactly the features
of the wave ﬁeld scattered by the actual heterogeneous medium
[20–22].
In this paper we use the S-matrix retrieval procedure to determine
the effective permittivity and permeability functions that describe the
optical response of single- and multilayer structures of metal–silica–
metal nanosandwiches, at normal incidence. We show how problems
inherent to this retrieval procedure can be overcome by appealing to
the corresponding effective parameters of the bulk metamaterial,
deduced from the complex band structure and the reﬂection
coefﬁcient of the inﬁnite and semi-inﬁnite crystal, respectively.
Moreover, we study the evolution of the effective parameters with
increasing slab thickness and discuss the transition from thin-ﬁlm to
bulk behavior.
2. Model and method of calculation
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We consider single- and multilayer structures of metal–silica–
metal nanosandwiches, in air. We assume that the optical response of
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the metallic material is described by the Drude relative permittivity
function [23]
ω2p
;
εm = 1− 
ω ω + iτ−1

ð1Þ

where ωp is the bulk plasma frequency and τ the relaxation time of the
conduction-band electrons that accounts for dissipative losses, and a
relative permeability μm = 1. For silica, we take εsilica = 2.13 and
μsilica = 1. For convenience, we choose to use ωp as the frequency unit
and c / ωp as the length unit, where c is the velocity of light in vacuum.
We note that, considering a typical value 10 eV for ℏωp, c / ωp
corresponds to about 20 nm.
The nanosandwiches under consideration consist of a pair of intandem metallic nanodisks of radius S = 2.5c / ωp and equal thickness
h1 = h3 = c / ωp, separated by a silica spacer of thickness h2 = 2c / ωp.
Therefore, h = h1 + h2 + h3 = 4c / ωp is the total thickness of the
nanosandwich. In each layer, the nanosandwiches are arranged on a
hexagonal lattice
pﬃﬃﬃ deﬁned by the primitive vectors a1 = a0(1, 0, 0) and
a2 = a0 ð1 = 2; 3 = 2; 0Þ, with a0 = p
10c
ﬃﬃﬃ / ωp, while consecutive layers
are displaced by a3 = ða0 = 2; a0 3 = 6; hÞ, so that the distance
between them is d = h. A schematic view of the structure is shown
in Fig. 1.
We employ the extended layer-multiple-scattering method [24–
26], which is ideally suited for the structure under consideration, to
carry out full-electrodynamic band structure and reﬂection/transmission calculations. Besides the complex photonic band structure of the
inﬁnite crystal, the method allows one to calculate, also, the reﬂection
and transmission coefﬁcients of an EM wave incident at any angle on a
ﬁnite slab or on the semi-inﬁnite crystal [27] and, in this respect, it can
describe an actual transmission experiment. Another advantage of the
method is that it proceeds at a given frequency, i.e., it is an on-shell
method and, therefore, it can treat strongly dispersive materials such
as metals and include losses, which always exist in real materials, in a
straightforward manner. The properties of the individual scatterers
enter only through the corresponding T matrix which, for homogeneous spherical particles, is given by the closed-form solutions of the
Mie-scattering problem, while for scatterers of arbitrary shape it is
calculated numerically by the extended-boundary-condition method
[28]. At a ﬁrst step, in-plane multiple scattering is evaluated in a
spherical-wave basis using proper propagator functions. Subsequently, interlayer scattering is calculated in a plane-wave basis through
appropriate reﬂection and transmission matrices. The scattering Smatrix of a multilayer slab, which transforms the incident into the
outgoing wave ﬁeld, is obtained by combining the reﬂection and
transmission matrices of the component layers. The ratio of the

Fig. 1. Schematic view of the layered structure of metal–silica–metal nanosandwiches
under consideration.
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transmitted or reﬂected energy ﬂux to the energy ﬂux associated with
the incident wave deﬁnes the transmittance or reﬂectance of the slab,
respectively.
In order to ensure adequate convergence in our calculations for the
structures under consideration, we truncate the spherical-wave
expansions at ℓ max = 14 and take into account 61 two-dimensional
reciprocal lattice vectors in the relevant plane-wave expansions,
while the single-particle scattering T matrix is evaluated with
ℓcut = 20 and a Gaussian quadrature integration formula with 6000
points [26].
3. Results and discussion
The complex photonic band structure of the crystal under
consideration if we neglect dissipative losses (τ − 1 = 0 in Eq. (1))
along the growth direction, up to and including the frequency region
of the antisymmetric mode that interests us here, is displayed in Fig. 2.
At low frequencies we obtain a doubly degenerate linear dispersion
line, as expected for propagation in a homogeneous medium
characterized by a frequency-independent refractive index. This
band interacts with the narrow doubly degenerate band which
originates from the antisymmetric modes of the individual nanosandwhiches and, as a result, a hybridization gap opens up about the
crossing point. In the gap region there are no propagating modes of
the EM ﬁeld and the dispersion lines continue analytically in the
complex kz plane [29]. Over this region we show the dispersion lines
for complex values of kz that correspond to the doubly degenerate
bands with the smallest in magnitude imaginary part and, therefore,
they are the ones which determine light propagation in the crystal
along the given direction. Such complex bands have been studied by a
number of authors in relation to the electron band structure of
crystalline solids (see, e.g., Ref. [30]) and have been proven to satisfy
some interesting theorems, which also apply to photonic bands. If we
take into account dissipative losses in the metallic material assuming
a ﬁnite value for the relaxation time in Eq. (1), even the real bands
acquire a small imaginary part and move into the complex kz plane.
Next to the band diagram in Fig. 2, we show the reﬂectance at
normal incidence of a ﬁnite slab of the above crystal consisting of eight
layers of nanosandwiches, together with that of the corresponding
semi-inﬁnite crystal. The reﬂectance of the ﬁnite slab exhibits the
well-known Fabry–Perot oscillations, which are due to multiple
reﬂections between the surfaces of the slab. These oscillations appear

Fig. 2. The complex photonic band structure of the crystal under consideration along
the [001] direction, neglecting absorptive losses. The segments of the (doubly
degenerate) complex bands with the smallest in magnitude imaginary part over the
gap region are shown by thick black lines. The thin lines show the projection of these
bands on the ω − Rekz plane. Next to the band diagram we display the reﬂectance at
normal incidence of a slab of eight (001) planes of the crystal (thin line) together with
the reﬂectance of the corresponding semi-inﬁnite crystal (thick line).
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both below and above the gap, and their period corresponds to
kz d = π = 1 = 8, as expected for the given thickness. On the contrary,
the reﬂectance of the semi-inﬁnite crystal does not exhibit such
oscillations, because there is no rear surface in this case. In the
frequency region of the gap, since there are no propagating modes of
the EM ﬁeld, the transmittance goes to zero, and, therefore, the
reﬂectance becomes unity.
We shall now try to assign to the crystal under consideration
effective permittivity and permeability functions, appropriate to
normally incident light. Clearly, here, an effective-medium description
is applicable because the free-space wavelength is much larger than
the size of the particles and the distances between them (20c /
ωp4λ b ∞) and, moreover, there is a single dominant relevant Bloch
mode at any frequency (see Fig. 2). Since the distance, d, between
consecutive lattice planes normal to the growth direction is equal to
the total thickness, h, of the nanosandwich (= 4c / ωp), we assume this
also to be the effective layer thickness. Therefore, the total thickness of
a slab consisting of NL layers of nanosandwiches is 4NLc / ωp. We
calculate the effective parameters of a slab of the given crystal using
the so-called S-matrix retrieval procedure, which is based on the
inversion of Fresnel's equations for a set of transmission and reﬂection
coefﬁcients, t and r, respectively (S-matrix parameters). The calculated
t and r for ﬁnite slabs of the crystal under consideration, one-, two- and
eight-layers thick, at normal incidence, are displayed in Fig. 3.
However, the S-matrix retrieval method encounters some problems.
For example, as discussed in Ref. [13], the calculation of the effective
refractive index requires solving an equation which involves a
multivalued function (the arctan function). When dealing with a
single layer of a metamaterial, it is usually the fundamental branch that
is relevant. For relatively thick slabs, however, the branches may lie
very close to each other, making the selection of the correct branch a
rather difﬁcult task. In addition, possible discontinuities due to
resonances complicate further the determination of an effective
refractive index. This problem can be overcome by using as a reference
the effective refractive index deduced from the complex band
structure of the corresponding inﬁnite crystal, neff = c[Rekz + iImkz] /
ω, which is calculated in an unambiguous manner. Interestingly, in the
gap region, Reneff varies stairwise and corresponding peaks appear in
Imneff, as many as the number of layers of the slab. These structures,
also observed by others [31], are associated with in-gap resonances of
the slab [29,32]. As more layers are stacked together to build the
inﬁnite crystal, these structures come closer to each other and become
less sharp, leading to the smooth refractive index deduced from the
corresponding complex band structure of the inﬁnite crystal. It is

Fig. 3. Complex S-matrix parameters of one- (dotted lines), two- (dashed lines) and
eight- (dash-dotted lines) layers thick (001) slabs of the crystal under consideration
(neglecting absorptive losses), at normal incidence.

worth noting that, in the presence of absorption, these features are
further smoothed out.
On the other hand, calculation of the effective impedance, zeff, of
the slabs under consideration shows the existence of spurious sharp
structures at the Fabry-Perot resonances. Such structures have been
found by others as well and were attributed to the thickness of the
slab [31] and more speciﬁcally to Fabry–Perot resonances [33], but
only recently a detailed and rigorous analysis of their origin was
presented [32]. In order to get rid of these artifacts, we can appeal to
the effective impedance of the corresponding semi-inﬁnite crystal,
which is readily obtained from the associated complex reﬂection
coefﬁcient, r∞, through the equation zeff = zenv(1 + r∞)/(1 − r∞), where
zenv is the impedance of the environment. Obviously, zeff does not
exhibit the above-mentioned spurious structures because there is no
rear surface to generate multiple reﬂections that cause the Fabry–
Perot resonances.
In Fig. 4 we display the effective permittivity, εeff, and permeability,
μeff, deduced from zeff and neff (εeff = neff / zeff and μeff = neffzeff), as
obtained by the S-matrix procedure for slabs one-, two- and eightlayers thick, together with the corresponding parameters obtained for
the bulk metamaterial as described here above, in the presence of
absorptive losses (τ − 1 = 0.025ωp). We can clearly see a strong
resonance in the effective permeability, which is the ﬁngerprint of
artiﬁcial optical magnetism, accompanied by a relatively weak
antiresonance in the effective permittivity, an effect which is
discussed by others as well [19,20,31,34]. Interestingly, the effective
parameters converge very fast with increasing slab thickness. Already
a bilayer behaves much like the bulk metamaterial, while εeff(ω) and
μeff(ω) for the eight-layers thick slab are practically identical to their
counterparts for the inﬁnite crystal. Finally, it is worth noting that the
retrieved effective parameters are independent of the polarization of
the (normally) incident wave, as expected from the symmetry of the
structure.
4. Conclusion
In summary, we evaluated the effective permittivity and permeability
functions that describe the optical response at normal incidence of thinﬁlm and bulk hexagonal structures of metal–silica–metal nanosandwiches, in the presence of absorption, by means of full-electrodynamic
calculations using the extended layer-multiple-scattering method.
Employing the S-matrix retrieval procedure for ﬁnite slabs, in conjunction
with corresponding bulk results obtained from complex band structure

Fig. 4. The real (upper diagrams) and imaginary (lower diagrams) parts of the effective
permittivity (left-hand panel) and permeability (right-hand panel) functions deduced
for one- (dotted lines), two- (dashed lines) and eight- (dash-dotted lines) layers thick
(001) slabs of the crystal under consideration including absorptive losses
(τ − 1 = 0.025ωp), at normal incidence. The solid lines show the corresponding results
for the bulk metamaterial, which are indiscernible from those of the eight-layer slab.
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and reﬂection-coefﬁcient calculations, we can study the transition from
thin-ﬁlm to bulk behavior of the given metamaterial and, at the same time,
resolve ambiguities and problems inherent to the S-matrix method. Our
results reveal the occurrence of strong artiﬁcial optical magnetism and a
fast convergence to the bulk response with increasing slab thickness.
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