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We report a thorough theoretical study of the optical response of two- and three-dimensional periodic
assemblies of metallic nanorods by means of full-electrodynamic calculations using the extended layer-
multiple-scattering method. We show that these systems support various types of resonant- and bound-
collective plasmon modes, which are tunable over a broad spectral range, and provide a consistent interpreta-
tion of the underlying physics. In particular, we reveal the existence of slab plasmon modes with zero group
velocity, which can cause evanescent-wave enhancement and enable subwavelength imaging. We discuss
extinction spectra of single-layer and multilayer slabs of nanorods in conjunction with relevant complex
band-structure diagrams and present a rigorous analysis of the results using group theory. Moreover, we
explain some peculiar spectral features which are due to the existence of surface resonances. These can modify
the optical response of the system in a controllable manner by using a supporting substrate.
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I. INTRODUCTION

Metallic nanostructures exhibit a rich variety of intriguing
optical properties due to the interaction of the electromag-
netic �EM� field with the free electrons of the metal. Such an
excitation can occur at a metal-dielectric interface and is
called surface-plasmon polariton or at a metallic nanoparticle
and in this case it is termed as particle-plasmon polariton.
The distinction accounts for the degree of localization of the
plasmon. One of the most attractive features of plasmon ex-
citation is that it is accompanied with local field enhance-
ment and subwavelength focusing. There are several recent
reviews on the physics and applications of surface
plasmons.1

Metallic nanoparticles were used since ancient times to
color glass. Nowadays, isolated metallic nanoparticles are
usually chemically synthesized as colloidal suspensions and
come in a variety of shapes and sizes. In the simple case of
noble-metal nanospheres, the extinction spectrum is domi-
nated by strong dipole plasmon resonances at visible fre-
quencies. For elongated particles, the threefold degeneracy
of these modes is lifted and one obtains a predominant non-
degenerate longitudinal mode at lower frequencies as well as
doubly degenerate transverse and other modes of mixed
character at higher frequencies. These plasmon resonances
can be tuned within a relatively broad range from infrared to
visible frequencies by a proper choice of the geometrical
characteristics, dielectric environment, and material.2–12

Therefore, elongated metallic nanoparticles, such as ellip-
soids or cylinders, can be used as efficient and tunable opti-
cal antennas for manipulating light at the nanoscale. On the
other hand, in metallic nanoparticle aggregates, interacting
plasmons provide further possibilities to engineer the spec-
tral response and tailor the light-matter interaction. The con-
cept of plasmon hybridization13 has been successfully used
to understand the optical properties of metallic nanoparticle
pairs14,15 as well as the spectra of clusters of such nanopar-
ticles. The physics of this mechanism has much in common
with the hybridization of electron states of atoms that form

molecular orbitals; this is why terms such as photonic or
plasmonic �meta�molecules are often used in the literature.16

Recent advances in nanofabrication and nanopatterning
open new perspectives to enhance Raman and fluorescence
spectroscopic sensitivity,17–20 taking advantage of localized
and extended plasmons. Also, plasmon resonances can be
made rather sensitive to the dielectric environment and thus
they are considered for accurate dielectric-constant monitor-
ing of chemical and biological samples.21,22 Concerning pos-
sible technological applications, various plasmonic wave-
guide architectures have been proposed,23–27 and there is a
hope that metallic components could be the basic elements of
nanophotonic integrated optical circuits. Moreover, light fo-
cusing and EM field enhancement due to plasmons may have
applications in solar cells,28 in nonlinear optics, and in the
development of novel optoelectronic devices.1

Periodicity is a valuable tool in plasmon engineering.
Among the different periodic architectures, regular arrays of
metallic nanorods aligned perpendicular to a substrate attract
considerable interest, because they offer the possibility to
combine plasmon tunability of the individual nanorods with
controllable interparticle interaction. In addition, fabrication
is relatively easy with chemical or lithographic methods so
that ordered structures of metallic nanorods are potential can-
didates for a variety of applications. Taking advantage of
their strongly anisotropic optical properties one can design
polarization filters29 while under certain conditions aniso-
tropy results in negative refraction.30,31 Tapered nanorod ar-
rays are also considered for hyperlensing since plasmons can
travel through coupled metallic nanoparticles transferring
near field energy along the nanorods to relatively long dis-
tances and then couple to conventional optics to generate the
image.32 In the same context, nanorod chains were proposed
to achieve both long propagation length and broadband op-
eration toward color subwavelength imaging.33 Metallic na-
norod arrays cause large enhancement of the EM field and
are considered for surface enhanced Raman scattering.34

Moreover, they are more sensitive to changes in the dielec-
tric constant of the environment compared to isolated
nanorods.22 When the nanorods approach each other, the EM
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field is concentrated in the interstitial region35–38 and longi-
tudinal standing waves are formed in the dielectric space
between the rods,22 similarly to plasmonic cavity resonators.
Periodic assemblies of metallic nanorods also exhibit an in-
teresting optical response when the diffraction condition
resonates with the plasmon excitation frequency and new
energy channels open up, giving rise to narrow
resonances.39,40

Though various aspects of the optical response of periodic
structures of metallic nanorods have been extensively dis-
cussed in the literature, a systematic study with a rigorous
analysis of the different collective plasmons and the other
resonant optical modes of these systems is still missing. In
this paper we report a thorough theoretical study of the op-
tical response of ordered assemblies of metallic nanorods, of
circular cross section, through accurate full-electrodynamic
calculations using an extended version of the layer-multiple-
scattering method,41–43 which enables physical insight. We
consider hexagonal arrays of silver nanorods, aligned paral-
lel to their axis. Such structures can be easily fabricated us-
ing porous alumina templates which are filled with a metal.
We first analyze single metallic nanorods and present a con-
sistent classification of their plasmon modes based on group
theoretical arguments and diagonalization of the correspond-
ing scattering matrix. Next, we focus on two-dimensional
�2D� periodic arrays of silver nanorods, with diameter 20 nm
and varying aspect ratio and lattice constant. We report a
systematic study of their optical properties and explain ef-
fects resulting from interparticle interaction. We reveal the
existence of collective plasmonic modes confined within the
slab and provide a consistent interpretation of all bound and
quasibound modes of the system. Finally, we consider three-
dimensional �3D� crystals of metallic nanorods and investi-
gate the complex band structure in conjunction with relevant
extinction spectra of finite slabs of these crystals. Emphasis
is placed on some peculiar features of their optical response,
which arise from the existence of surface resonances that
lead to interesting effects in the presence of a supporting
substrate.

Our aim is the study of realistic systems of silver nano-
rods, described by the actual dielectric function of silver.44

However, in some cases, a clear physical interpretation is
easier if we use the Drude dielectic function45

�m��� = 1 −
�p

2

��� + i�−1�
, �1�

where �p is the bulk plasma frequency and � is the relaxation
time of the conduction-band electrons of the metal, which
accounts for dissipative losses. When using the Drude dielec-
tric function of Eq. �1�, it is convenient to express the fre-
quency in units of �p and consider c /�p as the length unit,
where c is the velocity of light in vacuum. We note that,
assuming a typical value of 10 eV for ��p, c /�p corresponds
to about 20 nm.

II. PLASMON MODES OF SINGLE
METALLIC NANORODS

The optical properties of single metallic nanorods have
been studied by several authors.3–7 An important conclusion

is that it is essentially the length-to-diameter �L /D� aspect
ratio which determines the resonance wavelengths and, by
varying the aspect ratio, one can shift the dipolar plasmon
resonances across the visible spectrum. The fundamental lon-
gitudinal resonance wavelength of an isolated metallic nano-
rod increases almost linearly with the particle aspect ratio.
Interestingly, this resonance appears at wavelengths much
longer than those of an ideal half-wave dipole antenna �L
=� /2�. This is explained as follows. At optical frequencies
the simple wavelength scaling L=� /2 breaks down because
incident radiation is no longer perfectly reflected from the
metal’s surface. Instead, the wave field penetrates into the
metal and gives rise to surface-plasma oscillations. Hence, at
optical frequencies an antenna does not respond to the exter-
nal wavelength, �, but to an effective wavelength, �eff, which
depends on the material properties.46 Most studies on single
metallic nanorods focus on the dipolar resonance�s� while
multipole resonances received considerably less attention.3

Here, we present a rigorous analysis of all plasmon modes of
metallic nanorods based on group theory.

Let us assume the general case of a single particle char-
acterized by a �relative� dielectric function �s and a �relative�
magnetic permeability �s, centered at the origin of coordi-
nates, in an otherwise homogeneous host medium of differ-
ent dielectric function � and magnetic permeability �. An
incident plane EM wave of angular frequency � and wave
vector q has an electric field component E0�r , t�
=Re�E0�r�exp�−i�t��. E0�r� can be expanded into regular
vector spherical waves about the origin, as follows:47

E0�r� = �
�=1

�

�
m=−�

� �a1�m
0 j��qr�X�m�r̂�

+
i

q
a2�m

0 � � j��qr�X�m�r̂�� , �2�

where j� are the spherical Bessel functions which are finite
everywhere; X�m�r̂� are the vector spherical harmonics; and
aP�m

0 , P=1,2, are appropriate coefficients of the magnetic
and electric multipole fields, respectively. The total scattered
wave, outside the scatterer, can be expanded in a similar
manner

Esc�r� = �
�=1

�

�
m=−�

� �a1�m
+ h�

+�qr�X�m�r̂�

+
i

q
a2�m

+ � � h�
+�qr�X�m�r̂�� , �3�

where h�
+ are the spherical Hankel functions appropriate for

outgoing spherical waves: h�
+�qr���−i��exp�iqr� / iqr as r

→�.
The scattering properties of the particle are determined

through the so-called T matrix, which relates the amplitudes
of the spherical-wave components of the scattered EM field
to those of the incident field
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aP�m
+ = �

P���m�

TP�m;P���m�aP���m�
0 . �4�

For the numerical evaluation of the elements of the T matrix
for the nanorods that will be considered in the present work,
we employ the extended-boundary-condition �EBC�
method,48 properly modified.43 Truncating the relevant
angular-momentum expansions at �max=12, �cut=16, and us-
ing a Gaussian quadrature integration formula with 4000
points for the integrals involved is sufficient to obtain well-
converged results.

The particle eigenmodes are obtained in the absence of
incoming wave. In general, a single particle supports reso-
nant modes of the EM field at the poles of the eigenvalues of
the corresponding T matrix in the lower complex-frequency
half plane near the real axis. For nonspherical scatterers, the
T matrix is not diagonal in the spherical-wave basis and thus
no unambiguous classification of its eigenvalues, according
to polarization and angular momentum, can be made.
Though the particle-plasmon modes usually have a predomi-
nant polarization and 2�-pole character,3 a rigorous assign-
ment can be made by using group theory.49 The different
modes have the symmetry of the irreducible representations
of the appropriate point group which, in the case of particles
of cylindrical symmetry, is the D�h group.50 A given mode
can be excited only if the electric field component of the
incident light has a nonvanishing projection into the appro-
priate irreducible subspace. For example, a plane EM wave
incident at an angle 	 �0
	
� /2� with respect to the par-
ticle axis �taken as the z axis� can excite modes of
A1u ,A2g ,E	m	g ,E	m	u∀m symmetry if it is polarized normally
to the particle axis �s polarization� and modes of
A1g ,A2u ,E	m	g ,E	m	u∀m symmetry if it is polarized in the
plane of incidence defined by the direction of incidence and
the particle axis �p polarization�.

Figure 1 displays the scattering and absorption cross sec-
tions, normalized to the geometric cross section, for a single
metallic nanorod in air. In the upper diagrams, the rod is
described by the Drude dielectric function given by Eq. �1�
without dissipative losses ��−1=0�, and has a diameter D

2S=c /�p and a length L=2.5c /�p. In this case, obviously,
the absorption cross section vanishes identically. An incom-
ing p-polarized �left-hand diagram� or s-polarized �right-
hand diagram� plane wave is incident at an angle 	=45° with
respect to the rod axis. The excitation of several particle-
plasmon modes is clearly visible in the figure. Their eigen-
frequencies, symmetry and predominant character are listed
in Table I. In the lower diagrams of Fig. 1 we show the
corresponding results for an actual silver nanorod, of dimen-
sions D=20 nm and L=50 nm, in air. Here, for the dielec-
tric function of silver we interpolate to the bulk values mea-
sured by Johnson and Christy44 that include dissipative
losses. It can be seen from the figure that, in the frequency
region which interests us here, only the dipolelike resonances
of short lifetime manifest themselves in the scattering and/or
absorption cross sections. The particle-plasmon modes which
have very long lifetimes compared to the absorption time are
smoothed out by absorption.

III. THE EXTENDED LAYER-MULTIPLE-SCATTERING
METHOD

The calculations for 2D and 3D periodic structures of me-
tallic nanorods that will be reported in this work are based on
the extended layer-multiple-scattering method, which has
been presented in detail elsewhere.41–43 Here we restrict our-
selves to a brief description of the main points of the method.

The structures that can be dealt with by this method may
consist of successive, possibly different, layers of scatterers
arranged with the same 2D periodicity. The properties of the
individual scatterers enter only through the corresponding T
matrix which, for homogeneous spherical particles, is given
by the closed-form solutions of the Mie-scattering problem,
while for scatterers of arbitrary shape it is calculated numeri-
cally by the EBC method.48 At a first step, in-plane multiple
scattering is evaluated in the spherical-wave basis using
proper propagator functions. Subsequently, interlayer scatter-
ing is calculated in a plane-wave basis through appropriate
reflection and transmission matrices. The scattering S matrix
of a multilayer slab, which transforms the incident into the
outgoing wave field, is obtained by combining the reflection
and transmission matrices of the individual component layers
in an appropriate manner. As noted here above, the scatter-
ers, as well as the host material, may be different in the

z
D=2S

L

q

E

θ

z
D=2S

L

q

E
θ

FIG. 1. The scattering �solid lines� and absorption �dashed lines�
cross sections of a metallic nanorod in air, for p-�left-hand dia-
grams� and s-�right-hand diagrams� polarized light incident at an
angle 	=45° with respect to the rod axis, as shown in the margin. In
the upper diagrams, the dielectric function of the nanorod, of diam-
eter D=2S=c /�p and length L=2.5c /�p, is given by Eq. �1� with
�−1=0, which implies that the absorption cross section is identically
zero. In the lower diagrams, the experimental dielectric function of
bulk silver �Ref. 44� is used for a rod of dimensions D=20 nm and
L=50 nm.
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different layers; the scatterers need only have the same 2D
periodicity. As a special case, a layer can be a homogeneous
plate or a planar interface between two different homoge-
neous media. The reflection and transmission matrices are
then obtained directly by Fresnel equations47 but this possi-
bility allows one to describe composite structures which are
used in an actual experiment and include, e.g., a homoge-
neous spacer layer and/or a supporting substrate.49,51 The ra-
tio of the transmitted or reflected energy flux associated with
the incident wave defines the transmittance, T, or reflectance,
R, of the slab, respectively.

On the other hand, for a 3D crystal consisting of an infi-
nite periodic sequence of layers, stacked along the z direc-
tion, applying the Bloch condition for the wave field in the
region between two consecutive unit slabs leads to an eigen-
value equation, which gives the z component of the Bloch
wave vector, kz, for given frequency � and in-plane reduced
wave-vector component k�, which are conserved quantities in
the scattering process. The eigenvalues kz�� ,k��, looked
upon as functions of real �, define, for each k�, lines �some-
times they are called real-frequency lines� in the complex kz
plane. Taken together they constitute the complex band struc-
ture of the infinite crystal associated with the given crystal-
lographic plane. A line of given k� may be real �in the sense
that kz is real� over certain frequency regions and be complex
�in the sense that kz is complex� for � outside these regions.
It turns out that for given k� and �, out of the eigenvalues
kz�� ,k�� none or, at best, a few are real and the correspond-
ing eigenvectors represent propagating modes of the EM
field in the given infinite crystal. The remaining eigenvalues
kz�� ,k�� are complex and the corresponding eigenvectors

represent evanescent waves. These have an amplitude which
increases exponentially in the positive or negative z direction
and, unlike the propagating waves, do not exist as physical
entities in the infinite crystal. However, they are an essential
part of the physical solutions of the EM field in a slab of
finite thickness. A region of frequency where propagating
waves do not exist, for given k�, constitutes a frequency gap
of the EM field for the given k�. If over a frequency region
no propagating wave exists whatever the value of k�, then
this region constitutes an absolute frequency gap.

In order to ensure adequate convergence in our calcula-
tions for the structures that will be considered in the present
work, we truncate the spherical-wave expansions at �max
=12 and take into account 151 2D reciprocal lattice vectors
in the relevant plane-wave expansions while the single-
particle scattering T matrix is evaluated with �cut=16 and a
Gaussian quadrature integration formula with 4000 points.

IV. ARRAYS OF ALIGNED METALLIC NANORODS

Before embarking into the discussion of the optical re-
sponse of ordered arrays of metallic nanorods, we present
some convergence tests of the extended layer-multiple-
scattering method. The EBC technique, which is employed
for the evaluation of the single-particle scattering T matrix, is
based on spherical-wave expansions of the EM field and con-
vergence problems are expected for scatterers with strong
deviation from the spherical shape, like the nanorods we
consider here. We note that metallic particles encounter more
severe convergence problems compared to dielectric par-
ticles due to the large refractive index contrast between metal
and dielectric environment.48 Moreover, the study of mul-
tiple scattering in a periodic array puts more stringent accu-
racy requirements on the calculation of the T matrix, com-
pared to usual average cross-section calculations for
randomly oriented isolated nanoparticles.

As an example of the accuracy expected from multiple-
scattering calculations with the extended MULTEM code,41–43

we show in Fig. 2 the extinction spectrum �extinction
=negative logarithm of the transmittance� of a free-standing
hexagonal array of silver nanorods, aligned parallel to their
axis, for p-polarized light incident at an angle 	=45°, calcu-
lated with three different realizations of the system. The rods
have a diameter D=20 nm and a length L=50 nm while the
lattice constant is chosen a=100 nm to minimize the inter-
action between the nanorods. For the permittivity of silver
we interpolate to the bulk values measured by Johnson and
Christy.44 In the first realization we consider a single plane of
nanorods with D=20 nm and L=50 nm. In the second real-
ization, the system is built of two identical consecutive
planes of touching nanorods with D=20 nm and L=25 nm.
This calculation, obviously, involves, in addition, interplanar
multiple scattering. Finally, we consider a third realization of
the system by slicing the rods in three unequal parts of
lengths 20, 20, and 10 nm. This calculation involves all
multiple-scattering events between the three consecutive
planes of touching nanorods. All other parameters were kept
the same in the three calculations. The comparison between
the different spectra in Fig. 2 shows that all features of the

TABLE I. Plasmon modes of a single metallic nanorod, de-
scribed by the Drude dielectric function without dissipative losses,
in air �D=c /�p and L=2.5c /�p�. The asterisk indicates the modes
of relatively short lifetime, i.e., the broader resonances.

Eigenfrequency
�in units of �p� Symmetry Predominant character

0.2989� A2u Electric dipole

0.4747 A1g Electric quadrupole

0.5024 E1g Electric quadrupole/16-pole

0.5044� E1u Electric dipole

0.5377 E2g Electric quadrupole

0.5546 A2u Electric dipole

0.5936 A1g Electric quadrupole

0.6187 A2u Electric dipole

0.6345 E1g Electric quadrupole/16-pole

0.6377 A1g Electric quadrupole

0.6385 E1u Electric dipole/octapole/32-pole

0.6439� E1u Electric dipole

0.6449 E1g Electric quadrupole/16-pole

0.6501 A2u Electric dipole

0.6585 A1g Electric quadrupole

0.6737 E2g Electric quadrupole

0.6927 E2g Electric quadrupole
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extinction spectrum are well reproduced by the different cal-
culations.

We now consider free-standing hexagonal arrays of
aligned silver nanorods of fixed diameter D=20 nm and
varying length and lattice constant. Figure 3 depicts extinc-
tion spectra of such monolayers of rods with L=50, 100, and
150 nm, illuminated by p-polarized light incident at an angle
	=45°, as a function of the lattice constant a. Interaction
between plasmons of the individual particles gives rise to
corresponding collective plasmon modes, which manifest
themselves as peaks in the extinction spectra of these arrays.
We note that, under illumination at normal incidence or at an
angle with s-polarized light, the longitudinal modes are not
efficiently excited since, in these cases, the electric field of
the incident EM wave oscillates perpendicularly to the par-
ticle axis and no extinction peak appears at the correspond-
ing frequencies. At oblique incidence, a p-polarized incident
wave excites both longitudinal and transverse collective plas-
mon modes, as can be seen in Fig. 3. The fundamental dipole

longitudinal mode gives the most pronounced extinction
peak, which varies strongly with the aspect ratio and lattice
constant. Dipole transverse modes and higher-order modes
manifest themselves as smaller peaks at higher frequencies.
To understand the different spectral features, we first concen-
trate on the larger lattice constants for the different particle
lengths considered, i.e., the rightmost parts of the three dia-
grams of Fig. 3. In this case, the optical response is close to
that of isolated nanorods discussed in the previous section
and the dipole longitudinal resonance rapidly shifts to lower
frequencies with increasing particle length. As the lattice
constant decreases and the nanorods approach each other,
interparticle coupling leads to a strong blueshift of the low-
frequency longitudinal resonance while the position of the
high-frequency resonances is much less affected. At small
lattice constants, longitudinal and transverse resonances
overlap in frequency and no clear character can be assigned
to the collective plasmon excitation. It is interesting that the
spectral position of the fundamental dipole longitudinal plas-
mon mode can be tuned within a broad range extending from
infrared to ultraviolet frequencies by changing the lattice
constant and the nanorod aspect ratio with the longer par-
ticles exhibiting stronger tunability. Generally, longer rods
show a richer spectrum with a larger number of plasmon
modes. Our results are in line with recent experimental and
theoretical studies on arrays of longer gold nanorods, fabri-
cated by electrodeposition into thin nanoporous anodized
aluminum oxide templates.38,29

In Fig. 4 we show the extinction spectra of one of the
above monolayers of nanorods �that for a=70 nm, D
=20 nm, and L=50 nm� about the eigenfrequency of the
fundamental plasmon mode, for light incident with k�

= �kx ,0�, 0�kx�4� /3a, i.e., along the ̄K direction of the
surface Brillouin zone shown in the inset of Fig. 4. By in-
creasing kx, the component of the electric field of the
p-polarized incident wave along the rods becomes larger and
thus the longitudinal plasmon modes are excited more effi-
ciently leading to stronger resonance peaks in the extinction
spectrum. In the dark region of Fig. 4, outside the light cone,
the white curve shows the dispersion of the corresponding

FIG. 2. Extinction spectrum of a free-standing hexagonal array
�a=100 nm� of aligned silver nanorods �D=20 nm and L
=50 nm�, for p-polarized light incident at an angle 	=45°, calcu-
lated with three different realizations of the system: one plane of
nanorods with D=20 nm and L=50 nm �full line�. Two identical
consecutive planes of touching nanorods with D=20 nm and L
=25 nm �dashed line�. Three consecutive planes of touching nano-
rods with D=20 nm and L=20, 20, and 10 nm �dotted line�.

FIG. 3. �Color online� Extinction spectra for p-polarized light
incident at an angle 	=45° on hexagonal arrays �lattice constant a�
of aligned silver nanorods with diameter D=20 nm and length L
=50 nm �left-hand diagram�, L=100 nm �middle diagram� and L
=150 nm �right-hand diagram�.

FIG. 4. �Color online� Extinction spectra of a free-standing hex-
agonal array �a=70 nm� of aligned silver nanorods �L=50 nm and
D=20 nm� about the eigenfrequency of their fundamental plasmon

mode, for light incident with k� along the ̄K direction of the sur-
face Brillouin zone shown in the inset. In the dark region, outside
the light cone, the white curve shows the dispersion of the corre-
sponding collective eigenmodes of the array.
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collective eigenmodes of the array. These are plasmonic
modes confined within the layer of rods and cannot be ex-
cited by an externally incident wave. Outside the layer they
have the form of evanescent waves and cannot match con-
tinuously a propagating mode of the EM field; photon mo-
mentum and energy cannot be conserved simultaneously.
The frequency dispersion of these bound modes, which are
important for subwavelength imaging,32,33 can be tuned
within the range of infrared and visible frequencies by
changing the materials and geometric parameters of the
structure. In particular, we note the existence of a flat region
in the dispersion curve within a very narrow frequency win-
dow, 2.465 eV
��
2.475 eV, and a rather large interval
of propagation constants, 0.4�
k�a
0.6�. These exotic
zero �and nearly zero� group-velocity modes, and their role
in evanescent-wave enhancement and subwavelength imag-
ing, have also been discussed by others, e.g., in chains of
silver spheres.52

V. THREE-DIMENSIONAL CRYSTALS OF
METALLIC NANORODS

We now consider an infinite 3D crystal built of consecu-
tive layers, parallel to the xy plane, of identical, free-standing
metallic nanorods aligned parallel to their axis �z direction�.
We assume that the metallic material is described by the
Drude dielectric function of Eq. �1� without dissipative
losses ��−1=0�, in order to ensure an unambiguous interpre-
tation of the photonic band structure of the given crystal. The
nanorods, of diameter D=c /�p and length L=2.5c /�p, in
each layer are arranged on a hexagonal lattice with lattice
constant a=3c /�p, while adjacent planes of nanorods are
displaced by the vector �0,0 ,d�, where d=3c /�p.

The left-hand diagram of Fig. 5 shows the complex pho-
tonic band structure of the crystal under consideration along
the �001� direction, i.e., for k� =0. The symmetry of the

bands along this direction is that of the C6v group.50 At low
frequencies we obtain a linear dispersion curve, of E1 sym-
metry �doubly degenerate�, as expected for propagation in a
homogeneous effective medium characterized by a
frequency-independent refractive index. In addition to this
extended band, flat bands are formed from the particle-
plasmon modes of the individual nanorods that interact
weakly between them. Along the �001� direction, in the fre-
quency region under consideration, there is one doubly de-
generate flat band, also of E1 symmetry, which originates
from the E1g particle-plasmon modes �see Fig. 1 and Table I�.
This band hybridizes with the extended band that would be
in the effective medium, leading to a narrow gap about
0.46�p. Moreover, there are two nondegenerate A1 flat
bands, about 0.36�p and 0.47�p, which originate from the
low-lying A2u and A1g particle-plasmon modes, respectively.
These nondegenerate bands do not interact with the
effective-medium band because they have not the same sym-
metry and, also, they cannot be excited by an externally in-
cident wave. They arise from an apparently weak interaction
between corresponding bound states of the EM field, local-
ized about consecutive �001� layers of the given crystal. In-
deed, the eigenfrequencies of a slab of NL=8 such planes of
nanorods, for k� =0, plotted against values of the reduced
wavenumber kz=�� / �NL+1�c, �=1,2 , . . . ,NL, with NL=8,
reproduce the corresponding dispersion curves of the infinite
crystal, as shown by the open circles in the left-hand diagram
of Fig. 5.

Apart from the ordinary frequency bands �real kz�, the
left-hand diagram of Fig. 5 also displays real-frequency lines
for complex eigenvalues kz. These lines are the analytic con-
tinuations of the ordinary bands in the complex kz plane.53

The real-frequency line of the appropriate symmetry �E1 in
the present case� with the smallest in magnitude imaginary
part of kz over a frequency gap determines the attenuation of
the wave field over this region. The extinction of a finite slab
of the crystal, consisting of NL �001� planes, is

− ln T��� = 2dNL	Im�kz����	 + constant �5�

for a given value of k�. This is indeed observed in the right-
hand diagram of Fig. 5, which depicts the extinction of a slab
of the crystal under consideration, consisting of NL=8 �001�
planes of nanorods, at normal incidence. It is worth noting
that, apart from the strong extinction in the gap region about
0.46�p, there is a second sharp extinction peak about 0.49�p,
i.e., within the region of a band where propagating modes do
exist in the infinite crystal. Interestingly, this second peak
remains practically the same by changing the size of the slab,
in contrast with Eq. �5� which predicts a linear increase in the
extinction with the size of the slab in gap regions, and should
be ascribed to a surface resonance. It is also interesting that a
higher resolution reveals that this peak is double, as expected
for two weakly interacting resonances, one at each surface of
the slab.

The left-hand panel of Fig. 6 displays the complex pho-
tonic band structure of the given crystal for k� = �0.2� /a ,0�.
For k� = �kx ,0�, 0
kx
4� /3a, i.e., along the ̄K direction
of the surface Brillouin zone, the point group of the wave

FIG. 5. A simple hexagonal crystal of free-standing metallic
nanorods, described by the Drude dielectric function without dissi-
pative losses, aligned parallel to their axis which is taken along the
z direction. Rod diameter: D=c /�p. Rod length: L=2.5c /�p. Lat-
tice constants: a=3c /�p and d=3c /�p. Left-hand diagram: the
complex photonic band structure along the �001� direction. The
complex bands are displayed with dotted lines with the imaginary
part of kz plotted in the shaded area. The thick and thin lines show
the doubly degenerate and nondegenerate bands, respectively.
Right-hand diagram: extinction of light incident normally of a slab
of eight �001� planes of the above crystal.
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vector is the C1h group and the electric field eigenmodes can
be classified as even �Q1� or odd �Q2� upon reflection with
respect to the xz plane. According to group theory, a doubly
degenerate band of E1 symmetry �for k� =0� splits for k�

= �kx ,0� into one band of Q1 and one of Q2 symmetry; simi-
larly, an A1 band gives a Q1 band, as shown in the left-hand
panel of Fig. 6. A p- or s-polarized EM wave incident on a
finite �001� slab of the crystal with k� = �kx ,0� excites bands
of Q1 or Q2 symmetry, respectively, and through them is
transmitted to the other side of the slab. In the regions of
frequency gaps, where there are no propagating Bloch
modes, the transmission coefficient is determined from the
complex band of the proper symmetry which has the smallest
imaginary part: the wave decreases exponentially within the
slab with an attenuation coefficient equal to 	Im kz���	 of this
band, as shown in the right-hand panel of Fig. 6.

VI. EFFECT OF A SUBSTRATE

So far, we investigated free-standing periodic arrays of
silver nanorods, aligned parallel to their axis. As a typical
example, in Fig. 7 we show by solid lines the extinction
spectrum of such a hexagonal array with D=20 nm, L
=50 nm, and a=70 nm, for light incident at an angle 	
=45°. As discussed in Sec. IV, the spectrum associated with
an s-polarized incident wave is characterized by resonance
peaks at relatively high frequencies, which correspond to the
excitation of dipole transverse and higher-order collective
plasmon modes. For a p-polarized incident wave we obtain,
in addition, a strong low-frequency resonance, which corre-
sponds to the excitation of the fundamental dipole longitudi-
nal collective plasmon mode. If the given array of rods is
standing on a supporting substrate, an additional resonance
peak appears in the frequency region of interest, for both
polarization modes, and this peak shifts down to lower fre-
quencies with increasing dielectric constant of the substrate.
For a silica substrate ��silica=2.13�, this peak is situated at
3.07 eV and the fundamental longitudinal resonance is
slightly shifted to lower frequencies, while for an indium tin
oxide substrate ��ITO=3.6� this peak shifts down to 2.75 eV
and appears as a shoulder of the fundamental longitudinal
resonance peak. As we showed by systematic numerical cal-

culations, this additional peak is due to the surface resonance
discussed in Sec. V: at an interface between the monolayer of
nanorods and a low-permittivity dielectric medium, such as
air, this mode is at relatively high frequencies, outside the
considered frequency range. By increasing the dielectric con-
stant of the substrate, this interface resonance is redshifted
and appears at visible frequencies, interacting with the other
modes of the system, as shown in Fig. 7.

VII. CONCLUSION

In summary, we reported a systematic study of the optical
response of single- and multilayer architectures of ordered
assemblies of metallic nanorods, aligned parallel to their
axis, by means of full-electrodynamic calculations using the
extended layer-multiple-scattering method and showed that
the method retains its high efficiency and accuracy even in
cases of particles with edges and strong deviation from the
spherical shape. We first presented a rigorous analysis of the
plasmon modes of single metallic nanorods of circular cross
section and their coupling to an externally incident wave,
based on group theory. Next, we investigated 2D hexagonal
arrays of aligned silver nanorods with varying aspect ratio
and lattice constant. We analyzed the formation of collective
plasmon modes of different character and provided a consis-
tent interpretation of the underlying physics. More specifi-
cally, we showed that such longitudinal modes exhibit polar-
ization selectivity and tunability in the range of visible and
infrared frequencies, properties which are very useful for fil-
tering and sensing applications. Outside the light cone, these
modes are confined within the slab and also exhibit strong
tunability. Of particular interest is the existence of a flat re-
gion in the dispersion relation of these modes within a nar-
row frequency window and a large interval of propagation
constants. This makes metallic nanorod arrays useful for
evanescent-wave-enhancement and subwavelength-imaging

FIG. 6. Left-hand panel: complex photonic bands of Q1 �upper
diagram� and Q2 �lower diagram� symmetry of the crystal of Fig. 5,
for k� = �0.2� /a ,0�. Right-hand panel: extinction of p-�upper dia-
gram� and s-�lower diagram� polarized light incident on a slab of
eight �001� planes of the given crystal with q� = �0.2� /a ,0�.

FIG. 7. Extinction of s-�upper diagram� and p-�lower diagram�
polarized light, incident at an angle 	=45° on a monolayer of silver
nanorods on different substrates. The nanorods have dimensions
D=20 nm and L=50 nm, and are arranged on a hexagonal lattice
of lattice constant a=70 nm with their axis perpendicular to the
substrate. Solid lines: free-standing nanorods �without substrate�.
Dashed lines: nanorods standing on a semi-infinite silica substrate
�dielectric constant: �silica=2.13�. Dotted line: nanorods standing on
a semi-infinite indium tin oxide substrate ��ITO=3.6�.
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applications. Finally, we investigated 3D crystals of metallic
nanorods and analyzed the complex band structure in con-
junction with relevant extinction spectra of finite slabs of
these crystals. In particular, we explained some peculiar
spectral features which are due to the existence of surface
resonances and can modify the optical response of the sys-

tem in a controllable manner by using a supporting substrate.
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