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Abstract

We show ab initio calculations for vacancy formation energies in Cu and Al. The calculations are based on density-

functional theory and the full-potential Korringa±Kohn±Rostoker Green's function method for impurities. The non-

local e�ect beyond the local-spin-density approximation (LSDA) for density-functional theory is taken into account

within the generalized-gradient approximation (GGA) of Perdew and Wang. The lattice relaxation around a vacancy is

also investigated using calculated Hellmann±Feynman forces exerted on atoms in the vicinity of a vacancy. We show

that the GGA calculations reproduce very well the experimental values of vacancy formation energies and bulk

properties of Cu and Al, as they correct the de®ciency of LSDA results (underestimation of equilibrium lattice pa-

rameters, overestimation of bulk moduli, and vacancy formation energies). It is also shown that the GGA calculations

reduce the LSDA results for the lattice relaxation energy for a vacancy in Cu. Ó 1999 Elsevier Science B.V. All rights

reserved.
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Knowledge of the energetics of point defects in
solids is indispensable for the understanding of
many physical processes, such as di�usion, short-
range order, segregation, ordering, etc. We have
recently shown that the local-spin-density ap-
proximation (LSDA) for density-functional theo-
ry, combined with the Korringa±Kohn±Rostoker
(KKR) Green's function method for impurities,

reproduces very well the experimental values of
defects energies such as interactions of the impu-
rities with vacancies or with probe atoms in metals
[1]. On the other hand, it has been shown that the
non-local e�ect (NLE) beyond the LSDA, as given
by the generalized-gradient approximation (GGA)
[2], corrects certain de®ciencies of the LSDA in
magnetic 3d systems where the space-variation of
electron density is fairly large [3]. Following these
works, we have also shown that the NLE is im-
portant quantitatively for interactions of 3d and
4sp impurities with a vacancy in Al and Cu [4].
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Thus, it may be easily anticipated that the NLE
becomes important for vacancy formation energies
in metals.

In the present paper we study the NLE for va-
cancy formation energies in Cu and Al. The cal-
culations are based on the full-potential KKR
Green's function method for impurities [5] and use
the GGA functional proposed by Perdew and
Wang [2]. The lattice relaxation e�ects around a
vacancy can also be investigated by the present
method [6]. However, the self-consistent GGA
calculations for complex systems such as a vacancy
system with lattice relaxation are very time-
consuming because a high-quality representation
of the electron density must be used and a per-
turbed region enlarges due to the lattice relaxation
around defects. In order to circumvent the self-
consistent procedure for GGA calculations, we
propose a non-self-consistent(non-SC)-GGA cal-
culations where the self-consistent LSDA electron-
density is used for the GGA functional [7]. The
lattice relaxation e�ects are studied by the non-SC-
GGA calculations. A detailed desription of our
method is reported elsewhere [5±7]. Here we only
mention that a cuto� lmax� 4 is used to truncate

the angular momentum expansions of the Green
function and wave functions.

Before showing the calculated results for va-
cancy formation energies, we discuss the NLE for
bulk properties. Fig. 1 shows the lattice-parameter
dependence of total energies for Al, Cu, Ni, and
Fe. Table 1 lists the calculated and experimental
results for the equilibrium lattice parameters and
bulk moduli. The LSDA and GGA results, to-
gether with the non-SC-GGA results, are shown in
Fig. 1, where the experimental values are shown
by vertical lines [8]. It is obvious that the GGA
calculations reproduce the experimental results
almost completely, while the LSDA calculations
always underestimate the equilibrium lattice pa-
rameters by 1.3% for Al, 2.8% for Cu, 2.7% for Ni,
and 3.7% for Fe, as seen in Table 1. The bulk
moduli are also reproduced very well by the GGA
calculations, while the LSDA calculations overes-
timate the bulk moduli by 15% for Al, 38% for Cu,
37% for Ni and 48% for Fe (see Table 1). Thus the
GGA improves the quantitative de®ciency of
LSDA, in particular for 3d metals. Here we discuss
the accuracy of non-SC-GGA calculations. The
self-consistent electron density obtained by the

Fig. 1. Lattice parameter dependence for total energies for Al, Cu, Ni, and Fe. The LSDA (d in (a)±(d)) and GGA (d in (e)±(h))

results are shown. The vertical lines indicate the experimental equilibrium lattice parameters. The non-SC-GGA results (s) are also

shown in (e)±(h). See the text for details.
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GGA calculations may be very similar to that
obtained by the LSDA because the gradient cor-
rection is considered as a small perturbation; as
seen in Fig. 1, the LSDA total energies are �ÿ484,
�ÿ3305, �ÿ3037 and �ÿ2541 Ry for Al, Cu, Ni,
and Fe, respectively, while the total-energy chan-
ges due to the gradient-corrections are as small as
�ÿ2,�ÿ6, �ÿ6 and �ÿ5 Ry. Thus we may easily
anticipate that the non-SC-GGA calculations with
the LSDA electron density reproduce the full-
SC-GGA results, as also seen in Fig. 1 The
numerical values of equilibrium lattice parameters
and bulk moduli, obtained from the non-SC-GGA
calculations, are listed in Table 1. It is noted that
di�erences between the full-SC-GGA and non-
SC-GGA results are very small (<1%). These
results suggest that the non-SC-GGA calculations
are useful for the study of the complex systems
which involve lattice relaxation around a vacancy,
as discussed later.

We now discuss the vacancy formation energies
in Al and Cu. Firstly, we show the calculated re-
sults for vacancy systems without lattice relax-
ation. The potentials up to the nearest neighbors
to a vacancy are calculated self-consistently. Fig. 2
shows the lattice parameter dependence for va-
cancy formation energies. Table 2 lists the calcu-
lated values at the calculated equilibrium lattice
parameters, together with the experimental values
[9]. It is seen in Fig. 2 that for the same lattice
constant the GGA calculations reduce the LSDA
values strongly (�0.2 eV for Al and �0.5 eV for
Cu) and lead to a nice agreement with the exper-
imental values; the overestimation of LSDA for
vacancy formation energies may correspond to the
overestimation of LSDA for the cohesive energies
[2]. However, it is also seen in Fig. 2 and Table 2

that if the equlibrium lattice parameters of LSDA
(0.1±0.2 a.u. smaller than the experimental values)
are used, the LSDA results tend to agree with the

Fig. 2. Lattice parameter dependence for vacancy formation

energies in Cu and Al. The LSDA (d) and GGA (m) results,

together with the experimental values (+) are shown, the va-

cancy formation energies at the calculated equilibrium lattice

parameters are also shown by arrows. The lattice relaxation

e�ects are neglected.

Table 2

Vacancy formation energies (in eV) in Al and Cu, obtained by

the GGA±FP±KKR and non-SC-GGA±FP±KKR calculations.

The results of LSDA±FP±KKR (in parentheses) as well as ex-

perimental values [9] are also shown

Element GGA(LSDA) Non-SC-GGA Experimental

Al 0.59(0.73) 0.60 0.60±0.66

Cu 1.14(1.36) 1.13 1.17±1.28

Table 1

Equilibrium lattice parameters a and bulk moduli B for Al, Cu, Ni, and Fe, obtained by GGA±FP±KKR and non-SC-GGA±FP±KKR

Calculations. The results of LSDA±FP±KKR calculations (in parentheses) as well as experimental values [8] are also shown

Element a (a.u.) B (Mbar)

GGA(LSDA) Non-SC-GGA Experimental GGA(LSDA) Non-SC-GGA Experimental

Al 7.67(7.55) 7.67 7.65 0.73(0.83) 0.73 0.72

Cu 6.86(6.65) 6.86 6.84 1.42(1.89) 1.42 1.37

Ni 6.66(6.48) 6.66 6.66 1.98(2.53) 1.99 1.86

Fe 5.37(5.22) 5.36 5.42 1.84(2.41) 1.90 1.68
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experimental values since the vacancy formation
energy decreases strongly with the decrease of the
lattice parameter; �0.14 eV (Cu) and �0.09 eV
(Al) per 0.1 a.u. The values at the calculated
equilibrium lattice parameters are also shown by
arrows in Fig. 2. The non-SC-GGA results are
also given in Table 2. The agreement between the
full-SC-GGA and non-SC-GGA results are very
nice. The discrepancies are smaller than 2% of
calculated values.

We next study the relaxation e�ects around a
vacancy by use of the non-SC-GGA calculations.
As a ®rst step we neglect distortion of distant
neighbors and consider only the relaxation of the
®rst nearest neighbors(NN's) of a vacancy. It is
noted that in the ®rst step the relaxation e�ects are
underestimated, as shown later. For symmetric
reasons the NN atoms relax only radially, i.e.,
along the h1 1 0i directions. The perturbation in-
duced by a vacancy and relaxation of NN atoms is
calculated self-consistently for a cluster consisting
of ®ve shells around a vacancy (78 atoms + a va-
cancy), while potentials of the outer host atoms are
assumed to be unperturbed. Their equilibrium
positions can be found either from the minimum
of the total energy or from the zero-force condi-
tion. Fig. 3 shows the LSDA and non-SC-GGA
results for the relaxation energies of a vacancy in
Cu. In order to study the lattice parameter de-
pendence we show the results for two lattice pa-
rameters, (1) the lattice parameter of LSDA (6.65
a.u.) in Fig. 3(a) and (2) the lattice parameter of
GGA (6.86 a.u.) in Fig. 3(b). It is seen from a
comparison of Fig. 3(a) with Fig. 3(b) that the
lattice relaxation strongly depends on the lattice
parameter. Both the LSDA and GGA calculations
with the lattice parameter of LSDA (a� 6.65 a.u.)
predict a compression of the NN atoms (inward
relaxation); �0.7% (LSDA) and �1.2% (GGA),
corresponding to the relaxation energies of ÿ0.016
and ÿ0.054 eV. It is understood that the inward
relaxation becomes larger in the GGA calculations
because the NLE tends to lengthen the interatomic
distance of LSDA. On the other hand, for the
lattice parameter of GGA (6.86 a.u.), the LSDA
calculations predict an expansion of the NN atoms
by �0.2% (relaxation energy of almost zero), while
the GGA calculations indicate a compression of

the NN atoms by �0.5% (relaxation energy of
ÿ0.009 eV). These results may also be easily un-
derstood by considering that the NLE tends to
lengthen the equilibrium interatomic distance of
LSDA; this means that the LSDA calculations
tend to shorten the interatomic distance of GGA.
Judging from the accuracy of GGA calculations,
we may conclude that the lattice relaxation e�ects
become very small for a vacancy in Cu, as seen in
Fig. 3(b); this is not the case for a vacancy in Al, as

Fig. 3. Total-energy change and radial force on a ®rst NN atom

as a function of the ®rst NN distance, for a vacancy in Cu. The

LSDA and GGA results are shown for two equilibrium lattice

parameters, 6.65 a.u. (a) and 6.86 a.u. (b), obtained from LSDA

and GGA calculations, respectively.
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shown later. Fig. 3 also shows the Hellmann±
Feynman (HF) forces exerted on the ®rst NN for
di�erent radial shifts [6]. The forces vary linearly
with the displacement and the equilibrium posi-
tions obtained from the zero-force condition agree
with those obtained from the total-energy mini-
mization. This fact con®rms the accuracy of
the present ®rst-principles calculations for HF
forces [6].

Here we can proceed to the 2nd step where the
lattice relaxation of distant neighbors is estimated
with the help of lattice-statics simulations based on
the Kanzaki model. Accuracy of the Kanzaki
model based on the present ®rst-principles HF
forces has already been discussed in Ref. [6]. Fig. 4
shows the calculated HF forces and the resulting
atomic displacements in the neighborhood of a
vacancy (the unit of displacement is one half of a
lattice parameter). It is found that the inward ®rst
NN shifts are enhanced by allowing relaxation of
the distant neighbors; the inward ®rst NN shifts
change from �0.7% (LSDA), �0.5% (GGA) to
�1.33% (LSDA), �0.75%(GGA). The relaxation
energies become ÿ0.057 eV (LSDA) and ÿ0.017 eV
(GGA), corresponding to ÿ0.016 eV and ÿ0.009
eV for the case of restricted ®rst NN relaxation,
respectively. Including lattice relaxation energy,
the GGA result for a vacancy formation energy in
Cu becomes �1.13 eV.

Lastly we brie¯y discuss the calculated results
for a vacancy in Al, shown in Figs. 5 and 6.

Compared with a vacancy in Cu, the lattice re-
laxation is large and does not depend much on the
lattice parameter. For the lattice parameter of
LSDA (7.55 a.u., Fig. 5(a)), the inward relaxation
for LSDA and GGA is almost same (�1.5%); the
relaxation energy is ÿ0.038 eV (ÿ0.057 eV) for
LSDA (GGA), while for the lattice parameter of
GGA (7.67 a.u., Fig. 5(b)), the inward relaxation
for LSDA and GGA is almost the same (�1.25%).
The relaxation energy is ÿ0.022 eV (ÿ0.035 eV)
for LSDA (GGA). Thus the NLE does not depend

Fig. 4. HF forces (m, d) and resulting atomic displacements

(n, s) in the neighborhood of a vacancy in Cu. The LSDA

(a� 6.65 a.u.) and GGA (a� 6.86 a.u.) results are shown.

Fig. 5. Same as Fig. 3, but for a vacancy in Cu. The LSDA and

GGA results are shown for two lattice parameters, 7.55 a.u. (a)

and 7.67 a.u. (b).
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very much on the lattice parameter. Fig. 6 shows
the lattice relaxation of distant neighbors obtained
from the calculations based on the Kanzaki model;
the inward relaxation is �2.28% (relaxation energy
of �ÿ0.11 eV) for LSDA [10], while �1.80%
is (relaxation energy of �ÿ0.07 eV) for GGA.
As a result, the relaxation energy is still large
(�ÿ0.07 eV) for the experimental lattice parame-
ter. Including the lattice relaxation energy, the
GGA result for a vacancy formation energy in Al
becomes �0.53 eV.

We showed that the GGA calculations correct
the overestimation of LSDA for vacancy forma-
tion energies, together with the de®ciencies of
LSDA for bulk properties (lattice parameters and
bulk moduli). The lattice relaxation energy for a

vacancy in Cu is reduced very much by the GGA
calculations. Similar results may be expected for a
vacancy in the other 3d metals.
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